SIAM J. COMPUT. © 1992 Society for Industrial and Applied Mathematics
Vol. 21, No. 1, pp. 1-23, February 1992 001

EFFICIENT MOTION PLANNING FOR AN L-SHAPED OBJECT*

DAN HALPERINt, MARK H. OVERMARS#, AND MICHA SHARIR?§

Abstract. An algorithm that solves the following motion-planning problem is presented. Given an
L-shaped body L and a two-dimensional region with n point obstacles, decide whether there is a continuous
motion connecting two given positions and orientations of L during which L avoids collision with the
obstacles. The algorithm requires O(n?log? n) time and O(n?) storage. The algorithm is a variant of the
cell-decomposition technique of the configuration space [D. Leven and M. Sharir, J. Algorithms, 8 (1987),
pp. 192-215], [J. T. Schwartz and M. Sharir, Comm. Pure Appl. Math., 36 (1983), pp. 345-398], but it employs
a new and efficient technique for obtaining a compact representation of the free space, which results in a
saving of nearly an order of magnitude. The approach used in our algorithm is also applicable to motion
planning of certain robotic arms whose spaces of free placements have a structure similar to that of the
L-shaped body.

Key words. computational geometry, robotics, motion planning, data structures, arrangements, configur-
ation space, dynamic segment trees
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1. Introduction. Let B be a robot system having k degrees of freedom that is free
to move within a two- or three-dimensional domain V which is bounded by various
obstacles whose geometry is known to the system. The motion-planning problem for
B is, given the initial and desired final position of the system B, to determine whether
there exists a continuous motion from the initial position to the final one, during which
B avoids collision with the known obstacles, and if so, to plan such a motion.

Since the general motion-planning problem is very hard, a significant effort was
devoted to develop efficient algorithms for some special cases, particularly that of
motion planning for rigid objects in a two-dimensional polygonal space. To get some
feeling of what “‘efficient” means in this context, we note that such moving systems B
have three degrees of freedom, so their configuration space, i.e., the space of parametric
representations of placements of B, is three-dimensional. Let n denote the number of
obstacle corners, and suppose that the complexity of B is constant. Then the “‘free”
portion FP of the configuration space, consisting of placements of B in which it does
not meet any obstacle, is bounded by O(n) (algebraic) collision-constraint surfaces,
each being the locus of placements where some specific feature of B makes contact
with some specific obstacle feature. By standard arguments from algebraic geometry,
the complexity of FP is O(n®). Moreover, the recent general technique of Canny [Ca]
yields a (fairly complicated) algorithm that computes a discrete representation of FP
in time O(n®logn). A more specialized algorithm has recently been obtained by
Avnaim, Boissonnat, and Faverjon [ABF], whose complexity is also O(n> log n).

Thus the general goal of studying motion-planning problems for rigid objects in
the plane is to obtain subcubic, and ideally near-quadratic, algorithms. Ke and
O’Rourke [KeO] give a quadratic lower bound for the actual combinatorial complexity
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of a collision-free motion for a line segment (see [KeO] for a definition of motion
complexity). The lower bound for the decision problem, that is, to decide whether a
motion exists, is not known to be quadratic. However, the only cases where near-
quadratic algorithms have been obtained involve convex objects (see [LS], [SiS] for
the case of a line segment and [CK], [KS2] for the case of an arbitrary convex polygon).
Efficient motion-planning algorithms for nonconvex polygons in two-dimensional
polygonal space have scarcely been dealt with. An early consideration of the problem
appears in Schwartz and Sharir [SS], where they extend their O(n°) projection algorithm
for moving a line segment to a nonconvex polygon B with similar running time,
assuming that B has a fixed number of vertices. As just noted, the algorithms of [Ca]
and [ABF] already improve the complexity to O(n’log n), but no better solutions
were known in the nonconvex case.

In this paper we present a new approach to motion planning of nonconvex objects
in the plane. We obtain a near-quadratic algorithm for solving this problem in the
special case of an L-shaped object moving amidst a collection of point obstacles in
the plane.

We distinguish between the reachability problem, which is to check whether a
continuous collision-free path from the initial to the final placement exists, and the
find-path problem, which is to actually compute such a path if it exists. The former is
the concern of this paper, and the latter is discussed in an accompanying paper [HS].

Our algorithm uses the decomposition approach to motion planning [SS], [LS],
[KS2], which partitions the space FP of free placements of the robot system into a
finite number of simple, connected cells. These cells define vertices in a so-called
connectivity graph CG. Two cells are adjacent in CG if they have a common boundary
enabling a direct crossing of the moving object between them. It can be shown that
in the worst case, the space FP for our L-robot has Q(n*) connected components,
thus, in particular, its total combinatorial complexity can be Q(n?).

To see this, consider Fig. 1, where there are three sets of n/3 points each. Choose
an interval between two successive points in the upper horizontal set; choose an interval
between two successive points in the lower horizontal set. Now locate the ‘“‘vertical”
bar gp of L so that it will intersect the two chosen intervals. Finally, choose a pair of
consecutive points in the vertical set and locate the ‘“horizontal” bar gr of L such that
it will also intersect the interval between this pair. It is easily verified that there are
Q(n’) such choices and that L cannot continuously move between any pair of such
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F1G. 1. A configuration of obstacles with an Q(n?)-size FP.
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placements, if the size of L and the location of the points are chosen in an appropriate
manner.

However, using some interesting data structure techniques, we construct an implicit
representation of FP using a compact connectivity graph that requires subcubic space
and can be constructed in subcubic time. To be precise, our reachability algorithm
requires O(n”log® n) time and O(n?) space.

The paper is organized as follows. In § 2 we introduce the terminology, explore
the basic ideas, derive some initial observations about the problem structure, and give
an overview of our efficient solution. In § 3 we describe the data structures that support
our algorithm. More details concerning the algorithm are described in § 4, where we
also prove its correctness and analyze its complexity. We conclude in § S by discussing
the novel ideas used in this paper and their potential applicability to other instances
of the motion-planning problem, and by proposing some directions for further research.

2. Terminology and initial analysis. We denote the moving object L by pgr where
qp is the vertical bar and gr is the horizontal bar of L (in some standard axis-parallel
position). Thus p and r are the external vertices and q is the internal vertex of L. Each
position of L can be specified as Z = (X, 6) where X is the position of g and 0 is the
orientation of gp. For the purpose of our algorithm, we will always present X in a
rotated coordinate frame in which 6 becomes a downward vertical direction. We denote
by AP the resulting three-dimensional space of all positions of L, which can be
identified with R?x S". The set of point-obstacles is denoted by O ={o;|i=1,2, - - -, n}.
For the sake of representation only, we will delimit the planar workspace V in which
L is free to move by a sufficiently large rectangle, and assume that this rectangle rotates
with the coordinate system, so that it always remains axis-parallel.

We shall call a position of L at which it does not touch any point a free position.
The set FP of all free positions of L is an open three-dimensional submanifold of AP.

Similar to [LS] (see also [SS], [KS2]), our method decomposes FP into connected
subcells of a simple form, using the following two-step approach. First we consider
the case in which L is allowed to translate arbitrarily, but not to rotate. Then we
consider the case in which L is allowed both to translate and to rotate in V.

To build a discrete representation of FP for a fixed orientation, we follow a
common practice in motion planning [LW], [KS1], [KLPS], and compute the
Minkowski (i.e., vector) difference of each obstacle and the robot. Let L, denote a
position of L in a Cartesian coordinate system in which g coincides with the origin
of the system, p lies on the negative y-axis, and r lies on the negative x-axis. For any
fixed 0, and for i=1,2,- -, n,let L,=L;(0)=0,;(0) — L, be the Minkowski difference
of the obstacle o; and L,, in the rotated coordinate frame where 0 points downwards;
here 0;(0) denotes the rotated position of the point obstacle o; in this coordinate frame.
The horizontal bar of L; extends from 0,(0) to the right, and the vertical bar extends
from o0,(0) upwards (see Fig. 2 for an illustration). Let S, ={L;(0)|i=1,2,- - -, n} for
some fixed orientation 6. S, defines a planar arrangement consisting of horizontal and
vertical line segments. The cross-section of FP at a given 6, which we denote by FPy,
is simply the complement of the union of the L;(6)’s. In addition, to simplify the
structure of S,, we add to it certain horizontal segments emanating from the vertices
of the L;’s. We will refer to these extensions as imaginary walls; see Fig. 6(a) for an
illustration (a formal definition is given below). Sy, together with these extensions (and
the big rectangle enclosing the workspace), divide FP, into orthogonal (axis-parallel)
simply-connected polygons. We call each such polygon a face of FP,. Some of these
faces are simply rectangles, in which case we call the four edges of the face the northern,
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F1G. 2. The expanded obstacles: (a) L,, 0,—0,; (b) L,—L,.

southern, western, and eastern walls corresponding to the upper, lower, left, and right
edges of that face. In other cases we call the rightmost edge of the face the eastern
wall. The imaginary walls will be defined in such a way as to ensure that each face
has a unique eastern wall.

If we let 6 vary through the range [0, 27], the object L;(8) will trace a two-
dimensional surface o; within AP; that is, o;={(X, 0)|0<[0,27], X € L,(6)}. The
collection of these surfaces forms an arrangement & of surfaces in AP, which decom-
poses the three-dimensional space AP into pairwise disjoint connected cells, each of
zero, one, two, or three dimensions. We shall use the unquantified term cell for a
three-dimensional cell of /. A cell ¢ of « is interesting if at least one cross-section
of its closure ¢ contains a vertex of some L;(6). All other cells of the arrangement are
called dull (this terminology is borrowed from [AS]).

Remark 2.1. Formally speaking, the surfaces o; are not algebraic, because they
depend trigonometrically on 6. However, they can be easily made algebraic if one
replaces 6 by, say, t =tan (6/2). For simplicity of exposition, we will continue to use
0 as one of our coordinates, but consider this transformation as available whenever
needed.

In our analysis, we will sometimes allow the motion of L to become semifree,
namely, allow L to touch an obstacle. In the configuration space, the corresponding
path is allowed to touch the union BFP of the surfaces ;. However, the path is not
allowed to cross BFP transversally (which amounts in the physical space to L sweeping
through an obstacle). We will therefore consider each o; to be “two-sided,” where
each side bounds, and can be reached from, a different portion of FP, and where no
direct crossing from one side to the other is allowed.
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How does the two-dimensional arrangement (of S,) change as the orientation 6
of the original L varies? As the coordinate system rotates, FP, changes continuously,
but its combinatorial structure remains unchanged, unless one of the following two
types of critical events occurs at 6 (see Fig. 3):

I. A vertex of one L; meets an edge of another L;.

I1. Two parallel edges of two L;’s overlap.

These two types of events are substantially different in their effect on FP,. An
event of type I has only a local effect on FP,—either a face is split into two, or two
faces are merged into one. When an event of type II occurs, its effect is more global
and causes four contiguous sets of faces, each set containing O(n) (and, in the worst
case, ()(n)) faces, to change some of their edges, to disappear, or to newly appear.

F1G. 3. Events of type 1 (left) and type 11 (right).

An orientation 6 at which one of these events happens, will be called a critical
orientation.

Remark 2.2. When two parallel edges overlap it is also the case that a vertex of
one expanded obstacle meets an edge of another. We will treat this part of the type
IT event in a way similar to a type I event. Indeed, it will be more suitable to regard
each overlap of two parallel edges as a combination of events of type I and of type
II. From this point on, type II will refer only to the effect of the overlap on the
“internal” faces involved, taking care of the “external” faces (i.e., the faces adjacent
to the vertices of the overlapping edges) as effected by a type I event.

How many criticalities are there of each type?

LEMMA 2.1. The number of critical orientations induced by a fixed pair of obstacles
is bounded by a constant.

Proof. The proof is trivial, by elementary geometric considerations. 0

Since there are (3) pairs of expanded obstacles, Corollary 2.2 follows.

CoROLLARY 2.2. There are O(n?) critical orientations of type 1 and O(n?) critical
orientations of type 11; they can all be easily calculated in O(n?) time.

An overview of the reachability algorithm. We now give a first rough description
of our algorithm for testing whether two given placements of L can be reached from
one another by a continuous collision-free motion.

The proposed algorithm consists of two parts:

1. Building the connectivity graph (preprocessing), and

2. Searching for a path from the initial placement of L to its destination placement.
Our goal in the preprocessing part is to build a compact and space-efficient version
of the connectivity graph, in the sense that (i) it (almost) does not contain nodes
representing dull cells, and (ii) it contains only partial information about interesting
cells.

Since our goal is to obtain an algorithm with a close-to-quadratic performance,
the main difficulty we face is the handling of type II events. The problem is that in
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the worst case there are Q(n®) criticalities of type 11 where each such criticality may
involve up to Q(n) faces. If we were to handle each face separately, we would end up
with an algorithm having a worst-case Q(n*) performance. Instead, we wish to handle
these O(n) (and in the worst case (n)) faces in an implicit manner, so that each type
IT event can be “encoded” into our data structures in only polylogarithmic time, in a
manner that still allows us to trace these changes efficiently when needed. (Note, in
contrast, that type I events are “harmless”—there are O(n”) such events and each
induces only O(1) changes in the combinatorial structure of FP.)

To achieve this, we make use of the following observations, which are essential
to the subsequent analysis.

Observation 1. If we ignore the labeling of the segments in Sy, then a type II
criticality does not change the combinatorial structure of the planar arrangement of
Sy (again we remind the reader that in this statement we ignore the effects of this
criticality on the endpoints of the corresponding L;’s, which are treated separately as
type I events).

Observation 2. Taking the labeling of the segments in S, into account, each of
the O(n) adjacent faces f participating in a type II critical event goes only through
one of the four following combinatorial changes (where we assume that the vertical
bars of two expanded obstacles L;, L; overlap and that L; moves westwards relative
to Li)a

(i) f changes its eastern wall from L; to L; (see, e.g., f, in Fig. 4);

(ii) f changes its western wall from L; to L; (f; in Fig. 4);

(iii) f is “squashed” between L; and L;, i.e., shrinks to a segment and then
disappears (f, in Fig. 4); or

Al |fs hH |fs h|f)fs

(b)
(a) ©

F1G. 4. The four kinds of faces affected by a type 11 event.

(iv) f newly appears, initially as a segment, and then expanding into a rectangle
bounded between L; and L; (and two other horizontal bars) (f in Fig. 4).

Similar changes occur when two horizontal bars of some L;, L; overlap.

Ouridea is to take advantage of these facts for obtaining an economical representa-
tion of FP. Informally, we decompose FP into connected subcells. Each subcell ¢,
corresponds to a face f in the unlabeled arrangement S,, and consists of the union of
all the slices of FP that correspond to f, obtained as we vary 6 in a maximal interval
7 in which no type I criticality affects the structure of f and no type II criticality causes
f to be squashed or disappear (as in (iii) above, or its 6-symmetric counterpart (iv)).
That is, ¢, ={(X, 6): 6 €7, X € fo} where 7 is as above and f, denotes the portion of
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FP, that corresponds to f (Note that in this context f is represented in a purely
combinatorial manner, by its “location” in the unlabeled arrangement S,.)

Some of the subcells of FP are stored as the nodes of a connectivity graph CG,
with edges connecting pairs of adjacent subcells, in the sense that they admit direct
crossing between them either at a fixed 6 through some imaginary wall, or by crossing
a critical orientation (of type I) delimiting both subcells.

The main ideas of our algorithm are (i) to avoid representing dull cells as much
as possible, and (ii) to store each subcell of an interesting cell as a single entity as
long as it is not affected by any type I change. Thus, even though the walls of the
cross-section of this subcell may change repeatedly due to type II events, we do not
record these changes in the subcell. Instead, these changes are stored in a more global
manner in certain auxiliary data structures and their “overall effect” is retrieved upon
demand in an efficient manner.

Our algorithm proceeds roughly as follows. It starts with computing and sorting
all the critical orientations. Then the FP cross-section FPy , for some initial noncritical
orientation 6, is built. All the faces of FP, are marked active and the “‘initial layer”
of the connectivity graph CG is laid, with a node corresponding to each face of FP,,
(more precisely, to each subcell of FP whose cross-section at 6, is that face) and edges
connecting pairs of faces (subcells) adjacent along some imaginary wall. As 6 increases
from 6, and criticalities occur, we do the following:

—When a type I criticality occurs, we update the topological structure of the current
FP cross-section around the critical contact, add new nodes and edges to the con-
nectivity graph to reflect this local change, and make all the faces that are involved in
the change active.

—At a type II critical orientation, we mark all the faces that get squashed in this event
as being inactive. More precisely, each such face f is replaced in the current arrangement
Se by a similar looking face f”, in which a pair of opposite walls have been swapped.
Even though f and f' occupy the same place in the (unlabeled) arrangement S,, there
is clearly no direct passage between them. It is therefore important to record the fact
that the corresponding face in S, is no longer active, meaning that it is as yet not
connected to any active subcell (where a type I event occurs).

When a type I event occurs, it generates potentially new nodes (subcells) in the
connectivity graph (corresponding to the faces that participate in this change). However,
such a node could designate a subcell already represented by another node of CG
(which has been created by a former type I event or at the initial 6,, and which may
have undergone a sequence of type II changes to reach the current face). Since these
changes are not stored directly in the subcells, a major novel component of our
algorithm is to determine, for a given type I contact, which faces of the unlabeled
arrangement S, participate in it, and whether any of these faces is a portion of an
already defined node of the connectivity graph. How this is achieved is described below.

More formally, we have the following definition.

DEeFINITION. A face of the current cross-section FP, of FP is called active if the
subcell containing it already has a representing node in CG; otherwise, the face is
called inactive.

All the faces of FP, are active as the first step of the algorithm assigns a node in
CG for every cell which has a cross-section in 6,. A face remains active as long as it
is not squashed by a type II event. When a face is squashed by a type II event it
becomes inactive. An inactive face becomes active if it participates in a type I event.
Consequently, all faces which are slices of interesting cells will be active and all faces
belonging to dull cells will be inactive unless they have a cross-section in 6.
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In addition, we also update, at each type II event, auxiliary global information,
such as the horizontal ordering of the vertical bars of the L;’s, the vertical ordering of
the horizontal bars, etc.

Reaching 6 = 6,+ 27 we perform some additional work to ““wrap” the connectivity
graph around.

There are two additional events during the #-sweep. These occur at the orientations
0, and 6, of the initial and final placements of L, respectively. The discussion of what
happens at these events is postponed to the full description of the algorithm in § 4.
We merely note that the introduction of these 6’s enables us to locate the two nodes
v, and vy of CG corresponding to the subcells containing the initial and final placements
of L.

Since we create new nodes and edges in CG only at type I events, and each such
event involves only O(1) faces of FP,, the size of CG will be at most O(n”).

The reachability query is then treated by searching the connectivity graph for a
path between v, and v,. If a path is found, then the answer to the query is YES,
otherwise the answer is NO. As already noted, this still falls short of producing the
path when one exists. See below for a discussion of this issue.

For the convenience of the analysis we assume that no two critical orientations
coincide. In particular, this requires that no three obstacle points be collinear and no
two pairs of obstacle points lie on parallel lines. However, such degenerate cases can
be handled by an appropriate and slight modification of the algorithm.

3. Data structures. Throughout the algorithm we use the following data structures:

® CG—the connectivity graph;

® The horizontal package—retaining all the necessary information about the
current cross-section of FP from a “‘horizontal” point of view. The package consists of:

Qu—a balanced binary tree storing the n vertical bars of the L;’s in a left-to-right
order;

Ry —a left-to-right ordered list of n+1 segment trees, where each tree describes
(certain horizontal bars intersecting) a vertical slab of FP, between two lines containing
adjacent vertical bars of the L;’s;

Uy—a data structure for answering queries of the form: “how many horizontal
segments of S, are stabbed by a query vertical segment?”;

® The vertical package—storing all the necessary information about the current
cross-section of FP from a “vertical” point of view; it consists of three substructures
Qv, Ry, and Uy, defined in an analogous manner.

Let us now describe the structures in detail.

3.1. The connectivity graph. To better describe the structure of the connectivity
graph, let us first be more precise about the imaginary walls. Four segments extend
from each L; (Fig. 5). Each segment extends until it hits some orthogonal segment:

a;—a westwards extension of the horizontal bar of L;;

B,—a westward-directed segment emanating from the upper external vertex p;
of L;;

v;—a southwards extension of the vertical bar of L;; and

6,—a southward-directed segment emanating from the right external vertex r; of L;.

However, to simplify our structures we will use only the walls «;, 8, to decompose
FP, into faces; y; and §; will be used only in some auxiliary data structures. With this
convention, each face f of FP, has a unique eastern wall e, which is a connected
interval of the vertical bar of some L;, and f consists of all points z for which there
exists a horizontal segment connecting z to a point on e, whose relative interior does



EFFICIENT MOTION PLANNING FOR AN L-SHAPED OBJECT

B;

)

15

Vi

F1G. 5. The imaginary walls.

— real

___ imaginary

(a)

(b)

F1G. 6. The “horizontal” and ‘“‘vertical” planar arrangements.



10 D. HALPERIN, M. H. OVERMARS, AND M. SHARIR

not meet any L, (i.e., z can “see” e, when looking directly eastwards). See Fig. 6(a)
for an illustration of FP,.

The connectivity graph CG =(V, E) has a set of nodes V and a set of edges E.
Each node v € V corresponds to a subcell ¢ of FP. New nodes are created and added
to CG only when the corresponding subcells participate in a type I change. A subcell
can be characterized at each orientation 6 by its eastern wall (in a manner to be made
more precise below). However, this information is stored in the instantaneous data
structures describing FP, and is not encoded into the nodes of the connectivity graph.
CG describes, at a certain orientation, some portion of the planar arrangement induced
by {L;, o, B lj=1,---,n}; we denote this extended collection of segments by S%.

The edges of CG connect adjacent subcells in FP according to the following two
rules, which also give details about the changes in the corresponding faces of FP, and
the generation of corresponding nodes in CG:

® Neighboring 0 intervals: When a type I critical event occurs, the topological
structure of FP, changes. For example, as a horizontal bar of some L, hits a vertical
bar /; of another L; while moving eastwards (Fig. 7), some face f is split into two
adjacent faces f; and f,. If f is active at the time of the split (in the particular situation
depicted in Fig. 7 this will be the case, as our construction will imply), then its containing
subcell ¢ already has a representing node v in the connectivity graph. If f is not active
(as might happen in other cases, e.g., when a vertex of an L; first penetrates f), we
add a new node to CG to represent f. Since the two subcells of FP containing f; and
f> are adjacent to ¢ and admit direct crossing between them and ¢, each of the two
respective newly-generated nodes of CG will be connected by an edge to v (by
definition, both f; and f, become active).

l,‘ l{
Y2 Y2
L L/ Le |/f
L Ji L
37} S N ’
S S
before after

FiG. 7. A type 1 event.

Similarly, when the motion of L, with respect to L; is reversed, two faces of FP,
are merged into a new face f (which by definition becomes active). Again, if any of
these two faces is active, its representing node in CG is connected to the new node
representing f in CG. (If any of the merged faces were inactive we do not allocate a
node in CG for that inactive face. The connectivity of our graph is not hindered by
this overpass since the subcell of FP corresponding to this inactive face would have
been a “dead-end.” If, on the other hand, either the initial placement or the final
placement of L is in that subcell, its face would be activated, as we will later describe.)

Similar generation of new faces of FP,, corresponding nodes of CG, and connect-
ing edges occurs when the end of the vertical bar of L; hits the horizontal bar of
another L,, or when an endpoint of the horizontal bar of some L; comes to lie on the
horizontal bar of another L;, or on one of the horizontal extensions a,, B, of another
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L,, or, similarly, for an overlapping of vertical bars. We leave the routine details of
this generation to the reader.

® Querlapping 0 intervals: The extensions «;, B;—the imaginary walls—do not
portray real obstacles. Therefore, the two nodes of CG representing subcells that
contain two faces that border on such a wall are connected in the connectivity graph
by an edge. Such connections are made either in the initial layer of CG at 6,, or at
the appropriate type I event.

CG is the only structure pertaining to the three-dimensional space FP. The rest
of the structures aim to represent the dynamically varying two-dimensional cross-section
FP, of FP.

3.2. The horizontal package. The main structure in the horizontal package is Ry
and it is supported by the auxiliary structures Qy and Uy.

As mentioned before, FP, refers to the planar arrangement S} of the L;’s and
their horizontal extensions. The herizontal package deals with this arrangement,
whereas the vertical package deals with the arrangement induced by {L;, v;, §; li=
1,- - -, n}. (Figure 6 illustrates the two arrangements for the same collection of expan-
ded obstacles. Figure 6(a) illustrates the “horizontal” arrangement and Fig. 6(b)
illustrates the ““vertical” arrangement.) Thus there is a slight asymmetry between these
packages: while the horizontal package faithfully represents FP,, the vertical package
assumes a more auxiliary role and represents faces of a different (though related)
arrangement. The packages are designed to store the active/inactive status of faces.
The vertical package serves a single purpose—recording ‘‘horizontal squashes.” In a
horizontal (or vertical) squash, a set of faces is deleted by two segments that partially
overlap (and similar faces newly emerge). Since the extremal faces in the squash are
treated separately, it follows that all the faces that are involved in the squash are
rectangular with all walls real. Such faces have the same representation in both packages.
This property will be important in the analysis to follow, as it will allow us to retrieve
the active/inactive status of such a face by querying both packages without any
ambiguity concerning the identity of the face.

There is an additional technical issue that needs to be discussed. To exploit
Observations 1 and 2, made in § 2, the horizontal package represents the unlabeled
arrangement S§ of the L;’s, &;’s, and B;’s. Thus faces in this arrangement are represented
only by their location in this unlabeled arrangement, with no immediate relationship
to their actual location in FP,. The role of the auxiliary structures Qg and Uy is to
provide a mechanism for locating actual portions of FP, in the unlabeled arrangement
S¥ or for identifying features of S} in the actual cross-section FP,. See below for more
details.

3.2.1. The structure Q. Qp is a balanced binary search tree which stores the
left-to-right ordering of the labeled vertical bars of the L;’s. We update Qy at every
type II event that overlaps two vertical bars, by interchanging (in O(log n) time) the
corresponding two adjacent labels.

In the following sections we describe the more elaborate structures Ry and Uy.
Throughout the next section, where Ry and its usage are explained, we often refer to
the structure Uy. Uy is a dynamic data structure used to report the number of segments,
out of a collection of n horizontal segments, stabbed by a query vertical segment. All
specific details concerning the structure Uy are postponed to § 3.2.3.

3.2.2. The structure Ry, . We divide FP, into n+1 vertical slabs. The right side of
a slab s; is partially covered by the vertical bar of some L; (or, for the rightmost slab,
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by the right side of the surrounding rectangle), which we denote by I; (the identity of
L; is not stored directly at ;). I; is divided into several segments, each of which is an
eastern wall of some face. Recall that, by our preceding definition, a face of FP, is a
maximal connected two-dimensional component of FP, whose eastern wall is a con-
nected portion e of the eastern wall /; of some slab s; and contains all the points that
are horizontally visible to the west from e. This connected portion e of the eastern
wall of s; is delimited on both ends either by an endpoint of the vertical bar of the
corresponding L; or by the intersection of the vertical bar of L; with a horizontal bar
of another L,. See Fig. 8 for an illustration.

l; hisy new l; new iy
Ya
Y2 Z2
Z1 V3
o
\_V-'-/ o "
Si Siwm1 S Sip
before after

FiG. 8. A type 11 event.

For each slab s; we keep in Ry information about the faces whose eastern wall
is a portion of /. (Note that the L; containing /; may change during type II events,
but that these changes are not stored directly in these faces.) For each such face f, we
store (in part, implicitly) the following information:

(i) Is f active or inactive?

(ii) If f is active, then we also keep a pointer to the node in CG representing the
subcell that contains f.

What happens to R, when a type II critical event occurs? When two vertical
parallel edges overlap, a set of adjacent faces belonging to some slab s; is squashed
(Fig. 8) and a new set of corresponding faces newly emerge. Suppose s; and s;,, are
two adjacent slabs (we number the slabs from west to east), and let /; and I, denote
their right delimiting vertical bars. Suppose a type II criticality (partially) overlaps I
and ;. At the instant of the overlap, let

i=1\Lyy, Ly =L\,
and
l_i =LNlyy.
Then s; and s;,, should be updated by:
(i) moving the I} part from s; to s,4,,
(ii) moving the lfi, part from s;,, to s;, and
(iii) marking the I;-faces of s;., as inactive.

Recall that the marginal effects of the overlap, that is, the changes in the faces
neighboring the ends of I, are treated separately as type I events. We also allow [; to
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be empty, which is the case when two vertical bars become collinear without actually
overlapping. The foregoing discussion applies to this case as well.

In Ry, for each slab s; we keep a segment tree T;. Segment trees are a useful tool
for storing and updating sets of intervals when the endpoints of the intervals are known
in advance. Usually, some additional information is stored with the intervals (see
[Me]). The leaves of the tree T; correspond to atomic segments which are in our case
the eastern walls of the faces of s;, ordered from south to north. We use a segment
tree, since it enables us to mark a contiguous set of elements (in our case, a contiguous
set of faces) efficiently.

Now we are ready to describe how each step in handling a type II event as above
is executed. We assume that each critical orientation was precomputed with some
additional information about the exact location of the corresponding event. So we
know the location of [; and I, ; in our (rotated) coordinate system. With this information
we first search the tree Qy to find the rank of the relevant slabs in Ry,. This is easily
done in time O(log n).

To compute the portions of the trees of Ry corresponding to /], I},,, and I, we
consult Uy (as explained in § 3.2.3).

To update T; at a type II event at which the eastern sides of s; and s;,, overlap,
we proceed as follows. Consider first the faces that have just become inactive, and let
F={f, fis1," ", fi+m} bethe contiguous sequence of these faces. We record this change
in T; so that a node w of T, is marked as becoming inactive at 6 if all the faces
corresponding to the leaves of the subtree of w are in F and the faces corresponding
to the leaves of the subtree of the father of w are not all contained in F (this corresponds
to the usual way of storing a segment in a segment tree). The orientation 6 at which
this change occurs is also stored at w, serving as a time stamp. If for some 6,> 0 we
want to mark w as again becoming inactive, we just update the “time” of the event,
increasing it to 6,. So each node of T; stores only O(1) information. (Note that this
is a bit different from the standard usage of segment trees in which each node can
store a list of segments that “cover” it. Thus our segment trees require only linear
storage, in contrast to standard segment trees, which may require O(n log n) storage.)
To record the inactivity of the set F in T;, we begin by finding the ranks of f; and f;...
in T;, using Uy. Then we search for the corresponding leaves of T;. During the search
we update the relevant nodes of T; with the “‘inactivity at 6” stamp, according to the
above rule. Only O(log n) nodes are updated, and the entire operation takes O(log n)
time.

A complementary change occurs when some faces of S§ become active. This
happens only at events of type I (including those accompanying a type II change),
and involves only a constant number of faces, which are simply marked as active (with
the corresponding 6 time stamp) in the corresponding leaves of the appropriate trees
T;. However, in this step we need to know whether any of the relevant faces is already
active, so that we can use the same node of CG already representing that face.

To query the active/ inactive status of a face f, we first find to what slab s, f belongs.
Since we know a point on the eastern wall of f (by the geometry of the type I event)
we can obtain s; by consulting Q. Next, we look for the rank of f using Uy. Then
we search T; (the tree that describes s;) for the leaf with this rank. During the search
we compute the maximum 6 inactivity stamp along nodes in the search path; call this
maximum 6;,,..,... When we get to the desired leaf, if it is marked inactive, then we
conclude that the face is currently inactive; if the leaf is active, we compare the 6 at
which it has become active with 6;,,.:.. The larger of these two 6 values determines
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whether f is active or inactive. The time needed to perform this query is O(log n). If
f is active, we also obtain the corresponding node v of CG to which it points; we can
now use v to link it to the new (active) subcells that appear at the current type I event.
(However, some additional steps are needed in determining the active/inactive status
of f—see the discussion below concerning the handling of type I changes.)

In addition to marking the active/ inactive status of nodes of the trees T;, we also
have to transfer portions of one tree to an adjacent one (those corresponding to I}, I},
as defined above). For this purpose, instead of using balanced binary segment trees,
we use 2-3 segment trees, which allow for an efficient splitting and concatenation of
such trees in time O(log n) per operation. (See [KrO]; note that our case is analogous
to that of “‘stabbing counting queries” of [KrO], since in each node we keep only O(1)
information, i.e., the 6-inactivity stamp.) ,

So far we have described the effect on the horizontal package of type II events
at which two vertical bars overlap. Consider next a type II event where two horizontal
bars of two expanded obstacles L;, L, overlap, or simply become collinear. The
(unlabeled) arrangement S§ undergoes several combinatorial changes, all accountable
by the type I events accompanying the overlap at its endpoints, plus a “horizontal
squash” of some contiguous sequence of faces (see Fig. 9). The horizontal squash is
not recorded at all in R,; (but is recorded in the vertical structure Ry ) and, in itself,
does not effect the combinatorial structure of the unlabeled S . However, some of the
type I changes do need to be recorded in Ry. For example, in the situation depicted
in Fig. 9, we need to insert a new leaf into the segment tree T; of the slab corresponding
to L,. This leaf stands for the new face f, whose eastern wall is the lowest segment of
L,. f is marked active. In the symmetric situation, an extreme leaf of some T; may
have to be deleted. The effects of these type I changes on CG are described below.

How is Ry affected by a type I event? Consider, for example, a horizontal bar
of some L; hitting the vertical bar J; of the slab s; while moving eastwards (Fig. 7). As
in type II events, using the actual geometric data accompanying this critical event, we

B o
B; J2
fs
Ea
T
before
hi
fs
J2

Ly

the new face

after

FI1G. 9. A horizontal “‘squash.”
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can identify the corresponding slab s; of Ry and in this slab we can find (the rank
of) fi—the face that is going to split. We then split f; into two new subfaces, update
s; and T; accordingly, add two new nodes to the connectivity graph to represent these
two new (and active) faces, and point to the new nodes from the two corresponding
newly-generated leaves of T;. Since f; was not rectangular prior to the change, it was
necessarily active, so we connect the two new nodes of CG to the node representing
f;- By the same token, we make the new face into which the tip of L; penetrates active.

Note that to determine the active/inactive status of the face f;, it is not enough
to consult Ry only, because f; could have already become inactive in a horizontal
squash, and such an event is marked only in Ry. A face is really active if and only if
it is determined to be active in both R, and R,. A technical difficulty arises here,
because Ry, does not represent exactly the same faces as does Ry, since it stores the
partition created by the L;’s and their vertical extensions. However, as already noted,
a face that had been involved in a horizontal squash and was not reactivated later
must be rectangular, with its four sides real, and, as such, is stored identically in both
packages. We thus proceed as follows. Assume that f; has been determined to be active
in Ry. Find the horizontal bar passing through the top endpoint of the eastern wall
of f; (using Uy, as described in the next section). Regard that portion of that bar
immediately to the left of this endpoint as the northern wall of some face f’ in Ry,
and query Ry to determine the active/inactive status of f’. If f' is inactive, then so is
f; (in which case f” and f; represent the same region of the 6 cross-section). Otherwise,
J; 1s active.

When a horizontal bar leaves a vertical bar while moving westwards (e.g., exchange
before and after in Fig. 7), the steps are quite similar to those described above, and
consist of checking the active/inactive status of the relevant faces in Ry and in Ry,
adding nodes to the connectivity graph, adding the relevant edges to CG, etc.

Concerning the additional type I-like updating that should be done at the extreme
faces of a type II overlap, consider, for example, the situation shown in Fig. 8. The
face in s; whose eastern wall contains z, is split into two active faces, with appropriate
connections made in CG; similar changes apply to the face in s;,, whose eastern wall
contains z,.

Finally, consider the effects of the type I changes accompanying a type Il event
in which the horizontal bars of L; and L, overlap for some j and k. We have noted
above how these changes effect Ry. Their influence on CG has to reflect the possible
changes in the combinatorial structure of the faces bordering the imaginary horizontal
extensions a;, ay, B;, Bx. For example, in the situation shown in Fig. 9, before the
overlap we have a face f, bounded by B; from below and by B, from above and
connected, via these extensions, to the face f; above it and to the face f; below. After
the overlap, f; becomes directly connected to f,. To keep track of these changes, we
create new nodes in CG to represent f;, f>, and f; after the change, connect each node
to the corresponding old node, and add edges connecting the new f, to the new f, and
to the new f;. Similar action is taken to handle the possible overlap between the
extensions «a;, ay. (Note, however, that these changes take place only if the extensions
B;, Bk (or a;, a;) actually overlap. If B, ends on a vertical bar of another L, that lies
to the right of the vertical bar of L;, no changes are required.)

3.2.3. The structure Uy. Uy is a structure for solving the following problem: Let
H be a set of n horizontal bars (of the L;’s), and let s be a query vertical line segment;
report the number of segments in H that are intersected by s. The structure Uy that we
use is a dynamic version of a well-known two-level combination of a primary segment
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tree and auxiliary range trees (as in [Ov], for example). More specifically, we project
all the segments in H on the x-axis. We construct a segment tree P for the intervals
obtained. At each internal node v of P we store in a binary tree M, the segments that
are assigned to v, ordered by y-coordinate. M, is a one-dimensional range tree. The
structure uses O(n log n) storage. Let s =(x, y,)(x, y,) be a query vertical segment. We
search in P for x. For each node v on the search path we count how many segments
in M, lie between (x, y,) and (x, y,); summing up all the counts, we get the number
of line segments stabbed by s. The query time is O(log” n), because we perform O(log n)
searches in the auxiliary trees. The structure is dynamic and can be updated in O(log” n)
time [Ov].

To compute the portions I/, I',,, and I, mentioned earlier, we consult Uy. For
example, let us see how the portion I; of Fig. 8 is computed. It is delimited by the
lower endpoints of the vertical bars of the two participating L;’s. Using Uy we can
easily determine the number of horizontal segments stabbed by the segment I;. This
number, increased by 1, is also the rank of the face of s; at which we should split the
segment tree T; into portions corresponding to I/ and I;. In a similar way, we compute
the portion [I},,, and as a result of these computations we also have available the
I:-parts of s; and s;,,. This takes O(log” n) time.

The structure should be updated at each type II event that overlaps two vertical
bars and at each type I event in which an endpoint of one horizontal bar meets another
vertical bar, because then the horizontal order of the endpoints of the horizontal bars
in H changes. Each such update costs O(log® n); for details, see [Ov]. A type II event
that overlaps two horizontal bars changes the vertical ordering of the horizontal bars;
this does not effect the counting, but since we want to take some additional advantage
of Uy (to be described below), we update U, upon such events as well.

Most of the time we employ the unlabeled arrangement. There are, however,
occasions when we have to resolve the geometric anonymity of the segments in that
arrangement. In some of these cases it is sufficient to consult the binary search trees
Qu, Qv; in other cases (see the previous subsection) we have to allow for queries of
the following kind: “Given a point z in the current cross-section of FP, which is the
nearest segment (corresponding to some horizontal bar) above z that is vertically visible
from z?” Such queries can be answered using Uy. Let z=(x,, y,). We search in P for
x,. In each node v along the search path, we search in the range tree M, for the lowest
segment that is higher than y,, and the lowest of these O(log n) candidates is the
desired segment. This procedure takes O(log” n) time. The orthogonal type of such a
“ray shooting” query, i.e., finding the nearest eastern bar horizontally visible from a
point, can be answered in a completely symmetric manner by consulting Uy,

3.3. The vertical package. We mentioned before that the horizontal package and
the vertical package each describes a different planar arrangement. They coincide,
though, in the description of (the rectangular) faces which become inactive, are inactive,
or turn from inactive to active, as follows from the discussion in the previous subsection.
The vertical package is handled in a manner completely symmetric to that of the
horizontal package with regard to the respective unlabeled planar arrangement (namely,
the L;’s and their vertical extensions); we thus omit the details of the manipulation of
this package.

3.4. Summary of operations at events of each type. We conclude this section with
a summary of operations on the data structures taken at each type of events. For events
of type I we describe the operations as they are performed at the event depicted in
Fig. 7 (other kinds of type I events are handled symmetrically):



EFFICIENT MOTION PLANNING FOR AN L-SHAPED OBJECT 17

® When the right endpoint of L, penetrates f, we identify f in the corresponding
tree T; of Ry by first querying Qp with the information accompanying the event.

® We then find f in T; using Uy.

® To decide whether f is active or inactive, we query both Ry and Ry, finding f
in Ry requires “‘ray shooting” using Uj.

® If f is inactive, we make it active and add a new node to the connectivity graph
pointed to from the leaf corresponding to f in T;.

® When the right endpoint of L, reaches the western wall of f we replace f in T;
by two faces f; and f, (inserting a new active “key” to T;).

® Finally, we update CG by adding two new nodes corresponding to the subcells
containing f; and f, and connecting them with edges to the node representing f.

The operations at a type II event are described for the event depicted in Fig. 8:

® We find the rank of the slabs s; and s;,, and the corresponding trees T; and
T;+, in Ry using Q.

* Using Uy we compute the portions of T; and T;., corresponding to [}, Ii,,,
and [,.

® We transfer the I} portion from T; to T, and the [}, portion from T, to T;.

® Finally, we mark the /; portion of T;., as inactive.

4. Algorithmic details and complexity analysis. In this section we complete the
details of the algorithm, prove its correctness, and analyze its time and space require-
ments.

4.1. The algorithm.

Construction of FP,, . First, the critical orientations are computed and sorted. Then
a noncritical 6, is chosen and the Minkowski differences L; for 6, are computed. We
sort the vertical bars of the L;’s according to their x-coordinate and store this ordering
in Qy. Now we start sweeping a vertical line across the plane from left to right while
maintaining a sorted list F of all the horizontal line segments intersecting the line
being swept. Each time we sweep across an internal vertex g; of some L;, we construct
a new segment tree T; that describes the slab s;. To build T; we first locate the position
of p; (the upper external vertex of L;) and of g; in F and then allocate a segment tree
for the intervals in F from p; to g;. We mark all the faces active. Each time we sweep
across a right external vertex r; of some L;, we remove the segment g;7; from F. The
last stop of the sweep is the eastern wall of the surrounding rectangle, where we have
exactly one face which we will keep in T,,.,. The set of all the segment trees {T;|i=
1,2, -+, n+1} constitutes Ry. Similarly, we construct Qy and R,.

During the line sweep we also lay an initial layer of CG. Every time we create a
segment tree T;, we add a node to CG for every leaf of T;. These nodes represent all
the faces whose eastern wall is in I; (I;, the vertical bar on the right side of s;). Each
pair of nodes whose corresponding faces share an imaginary horizontal wall is con-
nected by an edge. Note that at least one node of such a pair is an extreme face of
some T;. To obtain the desired connections, we maintain a list W of all corners of
L;’s that have already been swept through and that are still “visible” from the sweep
line. Whenever we sweep through a new vertical bar I;, we remove from W all endpoints
horizontally visible from I, and connect the extreme nodes of the corresponding
segment trees to the appropriate new faces of s;. The endpoints of /; are then added
to W.

Overall, this initial phase of the algorithm requires O(n?) time, since the sweep
itself is easily seen to require O(n log n) time, and for each slab we build a segment
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tree when the endpoints of the segments are already sorted by the sweep structure.

The second phase of the algorithm, updating the structures as the orientation
changes, is discussed in detail in § 3. A missing link there, though, is the wrap-around
of CG. Reaching 6 = 6,+ 2, our task is to identify the nodes of the active faces with
their matching peers in the first layer of CG. But at 6,+ 27 there is no longer a way
to know to which face in FP, ,,, a node of the first layer of CG belongs. A simple
solution to the problem is to keep a duplicate copy of the horizontal package at 6.
Getting to 6,+ 27 we scan the current updated Ry and for every active face of FPy >,
we search for its matching (identical) face in the original version of Ry and identify
the two corresponding nodes in CG.

Some final details of the processing involve the reachability query itself. Let
Z,=(X,, 6,) be the initial placement of L, and Z, = (X, 6,) be the final placement.
Let ¢, and ¢, be the subcells of FP containing Z, and Z,, respectively. To ensure that
these subcells will be represented in CG, we add two artificial critical events, 6, and
04, during the 6-sweep. The purpose of these events is to identify or otherwise introduce
the nodes v,, v; of CG corresponding to ¢, ¢4, respectively. When we reach 6; we
look for the face f; containing X, using first Uy to identify the nearest vertical bar to
the east of X that is horizontally visible from X, and then Uy to find (the rank of)
[, in the corresponding slab. If f; is active we obtain from it a pointer to v, ; otherwise,
we make it active, update Ry, Ry accordingly, create a new node v, in CG to represent
f;, and keep a pointer to this newly-generated node. Similar steps are taken when we
reach 6,. After the completion of the 6-sweep, we search for a path in CG between
v, and v,. If a path is found, the algorithm outputs YES; otherwise it outputs NO.

The following proposition justifies the reduction of our motion-planning problem
to the purely combinatorial path searching through CG.

PropPoSITION 4.1. If both Z; and Z, are free positions of L, then there is an
obstacle-avoiding motion between Z; and Z, if and only if v, and v, belong to the same
connected component of CG.

Proof. For the “if”’ part, let ¢ be a path between v, and v, in CG. First, it is
easily verified that any single node v of CG represents a connected portion ¢ of FP,
that is, any two placements of L within ¢ can be reached from one another along a
collision-free path that remains in ¢ (see, also, Remark 4.1 below). Next, each edge e
along ¢ represents one of the following ‘“‘crossings’’:

(i) e connects two nodes representing subcells whose cross-sections at some 6
are adjacent along some imaginary wall; in this case there is a direct translational
crossing of L at this 6 between the subcells (although this is not required in this part
of the proof, we note that our construction ensures that if this crossing is possible at
one 6, it is possible at all 6’s at which both subcells exist); or

(ii) e connects nodes representing subcells that were both influenced by the same
type I event; in this case it is easily verified that there is some rotational crossing
between the two relevant subcells. (There is one exception: If these subcells represent
two faces that were split from one inactive subcell, our procedure has created a shortcut
connection between them, which does not correspond to direct crossing between the
subcells. Nevertheless, it is still possible to cross from one of them to the other by
passing through the inactive subcell adjacent to both.)

These observations clearly imply that the given path in CG can be transformed
into a collision-free path within FP,

As for the “‘only if” part, define a retraction-like mapping ¥ : FP > BFP as
follows. For each Z = (X, 6) € FP move the object L by translating it in the direction
of its ““horizontal” bar 74 (so that r moves “towards” q) until the vertical bar hits an
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obstacle (or L reaches the enclosing rectangle). The resulting position is ¥ (Z). (Even
if the horizontal bar touches an obstacle at Z, we still allow this sliding motion to be
performed.) It is easily checked that ¥, is continuous in the interior of FP except at
points that lie on the imaginary extensions «;, 8; for some L;.

Now suppose there is a collision-free path F:[0, 1] FP connecting Z; = F(0) to
Z, = F(1). The composition G=Y o F is a piecewise-continuous path which, using
standard topological arguments akin to those used in [SS], we can assume to consist
of only a finite number of connected pieces. Note that the endpoints of each piece of
G lie in active faces of the corresponding cross-sections of FP, because each endpoint
is either Z; or Z,, or lies on an imaginary horizontal extension, which, by construction,
always bounds two active faces. Moreover, by construction of CG, for any two
consecutive portions of G, the nodes of CG in which the first subpath ends and in
which the second subpath begins are connected by an edge. It therefore suffices to
prove that each subpath G’ of G induces a path in CG connecting the two nodes that
contain the endpoints of G'.

Note that, in the cross-sectional representation of FP that we use, each path G’
is represented by a point w varying continuously along an eastern wall of some face(s)
of the arrangement S (that also varies with 6). Since w begins its motion in an active
face, it suffices to verify that it always remains in an active face, and that whenever
this face changes, a corresponding type I event which involves this change occurs (and
induces a connecting edge between the corresponding nodes of CG). To show this,
we first break G’ into a number of pieces, such that on each of them 6 varies
monotonically and does not cross 6,; without loss of generality we can assume that
there are only a finite number of such pieces. If such a piece starts at an active face
and proceeds in the direction of increasing 6 (including the case of crossing 6,+27
back to 6,), then our construction is easily seen to imply the property asserted above.
(A point to note here is that if w crosses between faces through an imaginary extension,
then this crossing must have been possible at a type I event that involved both faces,
and therefore created the corresponding edge in CG.) If 6 decreases along such a
subpath, we have to be more careful, as our construction does not guarantee that the
active status is propagated backwards in 6. However, a close inspection of our construc-
tion shows that if we move backwards in 6 from an active face f to an inactive face
f', then f' must be a “dead-end” face that will eventually (i.e., if we continue to
decrease 6) be squashed at some type II event. Since G’ ends in an active face, it
cannot stay in f’ and must exit by reversing its 6 direction and cross back from f” to
f, or perhaps from f’ to another face f” separated from f by an imaginary horizontal
extension. In the first case, we simply ignore the excursion of G’ into f’; in the second
case, our construction induces a shortcut connection between the nodes of CG contain-
ing f and f”, respectively. Finally, if a subpath of G’ starts at 6, (it does so in an active
face by construction), and moves backwards from 6, (6 decreasing), then it might
enter an inactive face in FP, ,,,, because at this cross-section not all the faces are
necessarily active. But the above arguments that the path will then have to move back
into 6, apply to this case as well. This completes the proof of the “only if”’ part of
the proposition. O

Remark 4.1. 1t is instructive to describe a canonical path in FP that corresponds
to a given path ¢ in CG. The desired path II is a concatenation of subpaths, each
describing a simple motion of L, as follows. Suppose ¢ has reached a node v of CG
and let v’ be the next node along ¢. Let ¢, ¢’ be the corresponding subcells of FP.
Inductively, suppose II has already reached some placement Z € ¢. To continue II to
reach a placement Z'e ¢', we proceed as follows. By construction, c is a subcell in
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which 6 varies between two type I critical orientations 6, < 6, and for each 6, <6 < 6,,
¢ N FP, corresponds to the same face f in the unlabeled arrangement S%. If f contains
(on its boundary) a corner w of some L;, we move (translationally) to w, and stay at
w as 0 varies. Otherwise, f must be rectangular, with all four walls real. In this case
we move to, say, the northeast corner of f and stay there as 6 varies. Note that in the
latter case the combinatorial complexity of the motion within ¢ can be Q(n), because
the northeast corner of f can change whenever its eastern wall or northern wall changes
due to a type II event.

In the physical space, the first type of motion becomes a rotation of L, while one
of its three corners touches an obstacle. The second type of motion is a “gliding”
motion of L, in which it rotates while each of its bars touches an obstacle, such that
whenever any of the bars encounters a new obstacle o;, the gliding continues with that
bar touching o;. Note that the middle corner g of L traverses a circular arc during
each portion of the gliding.

Finally, the crossing from c to ¢’ is easy to accomplish. If this crossing is through
an imaginary wall at some 6, we move within ¢, as specified above, to 6 (as noted
above, any 6 at which both ¢ and ¢’ exist will do) and then translate to ¢’ through the
wall. If the crossing is through a type I change, we reach the corresponding extreme
critical orientation 6 as above, then cross locally according to the nature of the type
I change (rotating further into the new cell, translating across an imaginary wall,
rotating and translating back and forth to realize an indirect connection, etc.).

4.2. Complexity analysis.

4.2.1. Analysis of the two-dimensional data structures. In this section we summarize
the computational cost of maintaining and manipulating the two-dimensional data
structures. We analyze below the cost of the horizontal package but the analysis of
the vertical package is essentially identical.

Qu, the structure retaining the horizontal ordering of the vertical bars of the L;’s,
is a balanced binary tree with n elements. Its initial construction takes O(n log n)
time. Upon each type II criticality that overlaps vertical bars, we interchange these
two adjacent elements in O(log n) time. Upon each type I criticality bringing an
endpoint of a horizontal bar to cross a vertical bar, we query Qg in O(log n) time.
Therefore the usage of Qy costs O(n”log n) time. Being a balanced binary tree with
n elements, it demands O(n) space. To summarize, we have the following lemma.

LEMMA 4.1. Qy requires O(n’log n) time and O(n) space, and so does Q.

As to Ry, initially we build n 2-3 segment trees, as part of the initial sweep; this
construction requires O(n”) time (as noted before). Afterwards, each operation on any
of these trees—delete, insert, concatenate, split, or query—requires O(log n) time. The
number of operations on Ry that are required at each criticality is bounded by a
constant. Thus, the usage of Ry costs O(n”log n) time. See [KrO] for more details.
Each tree requires O(n) storage, summing up to O(n’®) storage for Ry;. Thus, we have
Lemma 4.2.

LEMMA 4.2. Ry and Ry each requires O(n*log n) time and O(n”) space.

Uy is a two-level combination of a primary segment tree and auxiliary range
trees. It is built in O(n log n) time. Each update requires O(log” n) time and a query
takes O(log” n) time. There is a constant number of updates and queries per criticality,
so the operations on Uy take O(n”log” n) time in total. It uses O(n log n) space.
Lemma 4.3 follows.

LEmMMA 4.3. Uy requires O(n>log” n) time and O(n log n) space, as does U,.

For details on the dynamic segment-tree-range-trees combination, see [Ov].
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4.2.2. Analysis of the overall complexity. The initial phase of the algorithm (at 6,)
includes a vertical sweep and a horizontal sweep, both fairly standard and taking only
O(n log n) time, as is easily seen.

How complex is CG?

LEMMA 4.4. CG has O(n?) nodes and edges.

Proof. At the initial phase, FP, has at most O(n”) active faces. So the first layer
of CG has O(n”) nodes. During the 6-sweep we have O(n?) stops. At each stop we
add a constant number of nodes to CG and with each new node we add at most a
constant number of edges to connect it to some previously existing, or newly-generated,
nodes. O

After the completion of the -sweep, we identify the nodes of CG corresponding
to the active faces of FP, .,, with the matching nodes of faces of FP,, .

LEMMA 4.5. The wrap-around of CG requires O(n>) time.

Proof. To identify nodes of the two layers, we follow the Ry structure at 6,+27
and the reserved duplicate of the Ry structure at 6,. For each active face of the newer
Ry, we identify its node in CG with that of the first layer. Since we pass sequentially
(e.g., in inorder on every tree) through the O(n?) faces, the traversal requires O(n?)
time. O

Finally, to find a path from v, to v, (if one exists), we search through CG.

LEMMA 4.6. The search through CG for a path from v, to v, takes O(n?) time.

Proof. The search can be carried out using breadth-first-search, which is linear in
the number of edges in the graph. Since CG has O(n?) edges, the bound follows. O

We are now ready for the main theorem.

THEOREM 4.1. The algorithm answers the reachability query correctly, using
O(n’log’ n) time and O(n®) space.

Proof. The correctness of the algorithm follows from the analysis in the proof of
Proposition 4.1.

As for the time required by the algorithm, we start by computing and sorting the
critical orientations. This can easily be done in O(n”log n) time. The vertical and
horizontal sweeps take O(n log n) time. The building and usage of the two-dimensional
data structures take O(n’log® n) time (this follows from Lemmas 4.1, 4.2, and 4.3).
The wrap-around of CG requires O(n®) time (Lemma 4.5) and the search through CG
requires O(n®) time (Lemma 4.6). We see, then, that the usage of the two-dimensional
data structures (specifically, the usage of Uy and U, ) dominates the time complexity
of the algorithm, which is O(n”log® n).

As for the storage requirements, CG consists of O(n?) elements (Lemma 4.4),
and no other structure or procedure requires more space. O

5. Conclusion. We have presented here an O(n”log® n)-time algorithm for the
solution of the reachability problem for an L-shaped object moving amidst n point
obstacles in the plane. In this section we summarize the new ideas of our approach,
assess the algorithm efficiency, and point out possible extensions of this work.

The main innovation of our approach is the condensation of a potentially Q(n?)-
size configuration space FP into quadratic-storage structures using near-quadratic time.
This is achieved by building a skeletal connectivity graph which, in contrast with
previously suggested connectivity graphs, (almost) does not contain dull cells and
suppresses the explicit representation of most of the changes that occur in interesting
cells. The compaction of the connectivity graph is enabled by some auxiliary evanescent
data structures which, at every instant of the #-sweep, store necessary information
about the momentary FP cross-section in an implicit compact manner.
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As already mentioned, the complexity of the entire FP in our case can be O(n?)
in the worst case. However, in most cases one does not need to calculate the entire
FP, but only its connected component C containing the initial given placement Z; of
L. Indeed, as long as L moves in a collision-free manner from Z, it will have to remain
in C. We would like to precalculate only the component C rather than the entire FP,
and to show that this will always achieve better performance than the naive cubic
worst-case bound for the entire FP. This goal was achieved, to a satisfactory extent,
for the general motion-planning problem with two degrees of freedom [ GSS]. Unfortu-
nately, in problems with three degrees of freedom (such as ours) this goal appears to
be much harder. In the special case in which the surface patches bounding FP are n
triangles in three-space, it was shown in [AS] (see also [AA]) that the complexity of
a single cell in the complement of their union is at most roughly O(n”’?). However,
in the case of the L-shaped body, the surface patches bounding FP are more compli-
cated. Nevertheless, the three-dimensional arrangement induced by these patches are
analyzable with tools similar to those used in [AS], and in a companion paper [HS]
we obtain a bound O(n*'?) on the complexity of all the three-dimensional cells that
contain a portion of the one-dimensional boundary of any surface in their closure,
which is also an upper bound on the complexity of any single cell in these arrangements.

The reachability problem only decides whether there exists a continuous motion
between source and destination. Naturally, we would like to produce such a motion
if it exists, and do so in subcubic time. In [HS] we also elaborate the reachability
algorithm devised in this paper into a find-path algorithm using the combinatorial
result mentioned above. The find-path algorithm is based on extending the connectivity
graph by recording wall changes in interesting cells while continuing to ignore most
of the dull cells.

Remark 4.1 shows that the portions of the required path that lie in faces that
contain corners of some L;’s are easy to produce—we simply “take a ride” on the
corresponding corner. The difficulty lies in producing those portions of the path that
traverse “tube-like” subcells having a real rectangular cross-section (which, however,
can undergo Q(n) changes due to type II criticalities). It is interesting to note that
from a pragmatic point of view this issue may not be problematic. Assuming our object
L to be equipped with tactile sensors all around it, traversing a tube-like subcell is
easy to accomplish by executing the corresponding gliding motion (as in Remark 4.1)
and using tactile feedback to tell when one of the two obstacles touched by L during
the gliding has to be replaced by another. Thus, in this pragmatic setting, our reachability
algorithm can easily be adapted to produce the desired path, at no additional overhead.

There is a close connection between the problem of the nonconvex body moving
among polygonal obstacles and the problem of moving certain kinds of planar robot
arms with three degrees of freedom (such as a standard three-link anchored planar
arm or the “telescopic” arm studied in [AO]) in the same setting. A first step in
exploiting this observation is taken in [HS].

A possible direction for further research is to check whether our algorithm is
extensible to polygonal obstacles (not only point obstacles) and to an arbitrary rec-
tilinear nonconvex moving object, without severely increasing the time and space
complexity. We are presently investigating these extensions.

Finally, there is the issue of improving the performance of our reachability
algorithm. Two problems suggest themselves. First, can we improve the time required
by the algorithm to O(n”log n)? As noted, the only step which requires O(n”log® n)
time is the handling of the structures Uy, Uy. Second, can one show a lower bound
Q(n?) on the number of nodes of CG that a path must traverse between some pair of
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placements? For our reachability problem such a bound would not necessarily preclude
the possibility of a faster decision procedure, but it would be a strong indication that
quadratic complexity is probably a correct worst-case bound.
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ON THE AVERAGE SIZE OF THE INTERSECTION OF BINARY TREES*

R. BAEZA-YATEST, R. CASAS#, J. DIAZ#, AND C. MARTINEZ}

Abstract. The average-case analysis of algorithms for binary search trees yields very different results
from those obtained under the uniform distribution. The analysis itself is more complex and replaces
algebraic equations by integral equations. In this work this analysis is carried out for the computation of
the average size of the intersection of two binary trees. The development of this analysis involves Bessel
functions that appear in the solutions of partial differential equations, and the result has an average size of
0(n*'?72/\log n), contrasting with the size O(1) obtained when considering a uniform distribution.

Key words. average complexity, binary search trees, generating functions
AMS(MOS) subject classification. 68Q25

1. Introduction. This work constitutes a contribution to the study of the formal
properties of the probability model associated to binary search trees, from now on
denoted bst-model. Our first motivation has been to investigate the kind of analysis
underlying the obtention of statistics under the bst-model. This is the reason why we
selected a problem that yields a very elementary development and solution, when
considering the uniform probability model. In contrast, the use of the bst-model
introduces a partial differential equation which, using Riemann’s method, has a solution
in terms of Bessel functions. These results reflect the structure of the model dealing
with pairs of trees, and can thus be generalized to similar problems.

A great amount of work has been done on statistics for binary search trees. Most
of this work relates to the average-case analysis of algorithms associated with the
manipulation of this particular data structure [Knu73]. Some other works use the
bst-model for computing characteristics of binary trees. Devroye proved that the average
height of binary trees under the bst-model is asymptotically O(log n) [Dev86]. This
result differs from the average height of binary trees under the uniform model, which
is O(v/n) [FOS82]. This difference lies on the fact that the bst-model tends to assign
higher probability to the more balanced binary trees, and relatively lower probability
to the narrower trees of the same size.

We have chosen to study the average size of the intersection of two binary trees
because of its simplicity. Nevertheless, this computation appears in a natural way in
the analysis of a number of algorithms, for example, in processes involving tree matching
[SF83] or unification [CDS89]. For instance, the intersection of binary trees is exactly
the kernel of the Tree Shuffle algorithm described in [CKS89]. The time complexity
of Shuffle for any pair of binary trees is twice the size of the intersection of the two
trees plus one. Under the uniform model, the average size of the intersection of two
trees tends to the constant 1.5, when the total size of the two trees tends to infinity.
Under the bst-model this average size turns out to be O(nzﬁ_z/\/log n).

The rest of this paper is structured as follows. In § 2 we introduce the basic
definitions and notation. In particular we give a recursive formulation of probabilities
in the bst-model, which makes the computation easier. In § 3 we obtain and solve a
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1991. This research was supported by the ESPRIT BRA program of the EC under contract 3075, project
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partial differential equation which defines the probabilistic generating function associ-
ated with the size of the intersection of binary trees. In § 4 we derive exact expressions
for the nth coefficient of the function obtained in the previous section, while in § 5
we deduce the main result of the paper, which is the asymptotic behaviour of this
coeflicient.

2. A recursive definition of the bst-model. Recall that a binary search tree is a data
structure which consists in a binary tree whose nodes are labeled in increasing order
from left to right. Binary search trees have the following recursive definition [VF90]:
Given a sequence on n keys S=(k,, k,, - - -, k,), where the keys belong to a totally
ordered set, we define recursively the binary search tree of S:

(BST(S)), k,, BST(S,)) if|S|=1,

BST(S)= { ©) otherwise,

where |S| denotes the number of keys in S; S; and S; denote the subsequences of S
formed, respectively, by the elements of S which are less than k, and greater than k; ;
and [ denotes the empty binary tree.

In the model of probability associated with binary search trees, each sequence S
is obtained by consecutively sampling at random n elements from a real interval, or
equivalently, as far as relative ordering is concerned, the elements form a random
permutation of size n. In any case, all the sequences with the same size n have the
same probability 1/n!

Let N(T) denote the number of sequences S of size n that generate the same
binary search tree T = BST(S). Given a binary tree T, we shall denote by |T| the
number of internal nodes of T, and if |T|>0, let T" and T’ be, respectively, the right
and left subtrees of the root of T. It is shown in [Knu73, § 6.2.2, exercise 5] that we
can compute N(T) from the following recursive equation:

1 if T=0,
(T|=1)!
[Tt T

N(T)=

N(T") - N(T") - otherwise.

If we denote by p(T) the probability of tree T, we have that

N(T)
P(T)=W,
therefore,
1 if T=0,
p(T)={p(T) - p(T") :
LT+ T otherwise.

The recursive manner in which we express this probability distribution is very
handy to simplify some proofs about average behaviour of binary search. It allows us
to split the generating functions defined from this probability.

The problem we are going to present involves pairs of binary search trees, so we
must extend the probability model to pairs of trees. We are confronted with two
situations:

If each of the trees is drawn independently of the other, the probability of the pair
is just

Pina(Ty, To) =p(T)) - p(T>).
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This situation will apply in Theorem 1. Note that in this case, for all n and m,

Pina(Ty, Tr)=1.
ITy=n|To|=m
On the other hand, if we consider pairs of binary trees (T;, T,) with the restriction
that |T,|+|T,| = n, where n is the size of the input, the probability of the pair is

_p(1) - p(Ty)

T,, T, =
p(T,, T,) 1+|T1|+|T2|’

which corresponds to the model in which all the n+1 possible partitions of n into
n=i+j (being |T\|=i and |T,|=j) are equally likely. This situation will apply in
Theorems 2 and 3.
Note that this probability coincides with the probability of a tree formed by a
root and the subtrees T, and T,.
In this case we have that for all n=0,
P( Tl ’ TZ) = 1'

IT\ |+ Tyl =n

3. Average size of the intersection of two trees. Let B be the set of all binary trees,
and let O denote any internal node. Given trees T, T,€ & we wish to compute the
average size of the intersection of the two trees, where the intersection of T, and T,,
denoted (T, N T5), is given by:

() if T, or T, is [J,

(I,NT,)= {«ﬂ NTY,0,(TiNT)) otherwise.

We shall define the size of the intersection of trees T; and T, by

0 if T, or T, is OJ,

T,, T,)=
S( 1s 2) {1+S(T11’T’2)+S(T;,T£) otherwise.

We wish to compute the average value of s(T,, T,) over all the pairs (T, T,) with
|T,|+|T,| = n. Let §(n) denote this average value; then we get

§(n)= z S(Tl’ T2) : p(Tla TZ)

ITy|[+|To|=n
Following the standard techniques [VF90], [GJ83], let us define the following
generating function:
S(z)= ¥ (T, T) p(Ty, To) - 2T,
(Ty, T)e®’

We have to evaluate
§(n)=[z"]8(2),

where [z"]S(z) denotes the nth coefficient in the expansion of S(z). For this, let us
define the generating function associated to random independence of trees T, and T,:

(1) Sx,y)= T s(Ty, T)p(T)p(Ty)x'Ty'™.
(T}, Ty)e®B’
It follows that

(2) S(z)= J'Z S(t, 1) dt.

N |-
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We use the following decomposition of the cartesian product of binary trees

(3) B’ =(0,0)+0Ox(B-0)+(B-0)xO+(B-0)"

From (1) and using (3), we get the following partial differential equation
8>S (x, 1 28(x,

@) (%) (x,y)

axay  (1-x)*(1-y)* (1-x)(1-y)

subject to the boundary conditions: for all x and y, S(x,0)=0 and S(0, y) =0. These
boundary conditions are given by the intersection of a tree and a leaf and the intersection
of a leaf and a tree, respectively. An equation of this type is called a hyperbolic partial
differential equation (see, for example, [Cop75]).

The solution to (4) is

1
(5) S(x’ )='\P(x’ )———_’
g YT a=na-y)
where V(x, y) satisfies the homogeneous equation
ER4 2v

axay (1-x)(1-y)’

with boundary conditions ¥(x, 0) =X and (0, y) =1=;.
Making the change of variables

{X=—x/§ln(1~x),
Y=-v2In(1-y),

and setting

(6) G(X, Y)=¥(1—-e X" 1-¢7"7),
we finally obtain the hyperbolic differential equation
’G
7 =
™ aXaY G

subject to boundary conditions G(X, 0)=e*"Y2 G(0, Y)=e*/"2.
This system can be solved by the method of Riemann (see Appendix B) to yield

G(X,Y)= % LX e 21,iVIX=0Y) dt

1
+__
V2

where J, denotes the Bessel function of the first kind of order 0.

(8) ,
j e 21, 2iY =D X) dt + J,2iVXY),

4. Exact developments. First, we are going to get exact solutions to the size of the
intersection of two trees.

From (5) and using (6) and (8), we can state the following result.

TueoreM 1. Under the bst-model, the expected size of the intersection of two
independently chosen random binary trees of sizes n and m is given by the formula

P H AR

where, as usual, the notation [ /] denotes the Stirling numbers of first kind [Knu68].
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On the other hand, we know by (2) that
1
9) [z"]1S(z) =——[2"]18(z, 2),
n+1

and using the previous theorem, we also get Theorem 2.
THEOREM 2. Under the bst-model, the average size of the intersection of two trees
T, and T, such that |T,|+|T,| = n is given by the formula

. _ 1 n nl| k/2l [k j_["/ﬂ n 2] N
s(n)—(n+1)!(2 kgo[k] j:L:o (j)2 jgo [2j]<j)2) L

5. Asymptotic results. We are interested in obtaining asymptotics to the [z"]S(z).
But (9), together with (5), gives
1

(10) S(n)=—"+

[z"]¥(z, z)—1.

To obtain an asymptotic value for [z"]W¥(z, z) we need the following result.
LEMmA 1.

[2"1¥(z,z)~c, - [2"]Jo(=2V2 - i+ In (1 —2z)),

where ~ stands for asymptotical equivalence and c¢,=3+2V2.

The technical proof of this lemma is given in Appendix A.

The nth coefficient of J,(—2iv2In (1—2z)) can be evaluated applying singularity
analysis. We start from [AS64, eq. 9.2.1], which states, when |( | > 00 and arg ¢ < 7, that

Jo($) = \/ﬂ% [Cos (g_if) + ellm§|0(|{|_1)j| ’

where Im { denotes the imaginary part of the complex ¢.
Plugging ¢ =—2iv21n(1-2z) into the above equation, we obtain the following
asymptotic expression when z - 1:

1 1 1 1
Jo(=2iv21In (1—2)) = : : [1+0(—)].
Va2t [T (-2)*? In(1-2z)
\l In (1 —z)

And now, by standard application of transfer lemmas (see Theorem 3A in [FO90]),
we have

n2\/§—1 1
11 "Mo(=2iv2In(1-z))=¢c, —— |1+ 0| —
( ) [Z ]JO( 2l\/§ n( Z)) C2 m (1 O<1n n))’
where the value of the constant c, is given by
1
=—7———=-=0.1381288 - - -.
O (o) 1381288

Lemma 1, together with (10) and (11), gives the following result.
THEOREM 3. Under the bst-model, the average size of the intersection of two trees
behaves asymptotically as

o nzﬁ—z 1
s(n)=c- NIy . <l+0<m)>,

with ¢ = ¢;¢,=0.8050738 - - - .
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Again, it should be emphasized that under the uniform model, the average size
of the intersection of two trees is 1.5 - (1+ O(})), which is quite a different result from
the one we just obtained.

As said in the introduction, it also follows from Theorem 3 that under the
bst-distribution, the average complexity of the Tree Shuffle algorithm is also

n2~/5—2 1
. . + —_—
2¢ Vinn (1 O(ln n))’

while under the uniform distribution the average complexity of the Tree Shufflle
algorithm is 4(1+ O(%)) [CKS89].

6. Conclusions. It appears that the appearance of a hyperbolic partial differential
equation such as the one in §3 depends directly on the definition of probability
distribution given in § 2, and it is rather independent of the nature of the problem
under consideration. Current work by the authors seems to confirm this hypothesis.
For instance, when considering other simple algorithms, like the equality of trees, the
same methodology works and it also yields a hyperbolic differential equation. The
present paper could be considered as a first treatment of the kind of framework inherent
to the statistics on trees under the bst-distribution.

Appendix A: Proof of Lemma 1. Let G(Z, Z) = A(Z)+ Jy(2iZ) with
V4
A(Z)=V2 J eV 1,2iV(Z-1DZ) dt.
0

Let us recall the series expansion

=3 T (3)

K=o (k1)’
then
z k
A(Z)=‘/7J e'/f(Z( ED (—z- t)Z)k) di
0 k=0 (k!)
k
=VI- ¥ o u(2),
where
“ t/V2 _ +1 1/ 2V
so we get
(3
_ (ZzV2)" V2
A(Z)—2kéo k! jgk j! :

Let us consider the coefficient a, =[Z"]A(Z). In order to evaluate the asymptotic
behaviour of a,, we shall distinguish three different cases:

e if n=0, then aq,=0;

e if n=2p+1, then

2 r (2p+1
a2p+1 (\/_)2p+](2p+1)‘ é ( )2 )
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e if n=2p, then

2 2P> K
= . 2%,
G =)t o ( k
It is easy to see that the value of each one of the summations involved in these

expressions tends to concentrate in its last term. Therefore we can write it in the
following form:

, 2 2
L= pr
" 2

=

and it is straightforward to prove that ¢, and c; tend to 1 as p tends to c0. So we
conclude that G(Z, Z) is asymptotically equivalent to

. d .
3Jo(2iZ)+V2 - -7 i)
and we get the statement of the lemma, by making the change of variable Z =
—21In(1-2z2).

Appendix B: Riemann’s method. Riemann’s method was devised to obtain sol-
utions of linear partial differential equations of the second order (see, for instance,
[Cop75, Chap. 5]). It can be applied to equations of the form

auy, +2hu,, +bu,, +2gu, +2fu,+cu=F(x,y),

where u = u(x, y), subscripts denote partial differentiation with respect to the indicated
variable(s) as usual, and a, b, h, g, f, and ¢ are functions of x and y alone. Let the
linear operator L be

Llu]= au,,+2hy,, +bu,, +2gu, +2fu,+ cu.

Then, there exists a unique linear operator L*, called the adjoint of L, such that
vL[u]—uL*[v] is a divergence, i.e.,

vL[u]—uL*[v] =%{+%(.
It can be shown, by means of Green’s theorem, that
(12) L*[v] = (av),x +2(hv),, +(bv),, —2(gv), —2(fv), + cv,
(13) H = avu, — u(av), + hvu, —u(hv), +2guv,
(14) K = hvu, — u(hv), + bou, —u(bv), +2fuv.

In the particular case of hyperbolic equations, such as the one we are interested
in, there is a canonical form into which any hyperbolic PDE can be transformed, using
characteristic variables

Llu]l=2u,, +2gu, +2fu,+cu=F(x,y),

so L*[v]=2v,, —2(gv), —2(fv), + cv, H = vu, — uv,+2gv, and K = vu, — uv, +2fuv.
Let C be some regular duly inclined arc for which Cauchy data is given, that is,
u, u, and u, are known. Let the characteristics x = x, and y = y, through P =(x,, o)
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cut C at Q=(x,, yo) and R =(x,, y;), and let D be the domain bounded by PQ, PR,
and C. Using Green’s theorem and (12)-(14) it can be shown that

1 1
u(xo, o) =3 u(xy, yo)v(xy, Yo Xo, Yo) +5 u(xo, y1)v(Xo, ¥15 Xo, Yo)

(15)

1
+—j (de—de)+ljJ v(x, y; Xo, yo)F(x, y) dx dy,
2 QR 2 D

where v(x, y; Xo, o) is the so-called Riemann-Green function and must verify
L*[v]=0,
vx =fv On y = y b
(16) ’
v,=gv on x=Xx,, and
v(Xo0, Y05 X0, Yo) = 1.

We are seeking a general solution for' L[G]=2G,,—2G =0, so we have

F=f=g=0and ¢=2, yielding L* = L. On the other hand, the Cauchy data is known
along the x-axis and y-axis:

G(x,0)= e,

G(0,y)=e""?,

G 2
oxlym0 V2
oG eV
3 x=0:7‘

Therefore, we take C as the arc constituted by the segments (0, x,) and (0, y,); then
Q = (0’ yO) and R = (xO’ 0)'
In order to obtain the Riemann-Green function, we try a series formula

]
yI
12°

=3

j=o J

where v; are functions to be determined and I' = (x — x,)(y — yo). Imposing conditions
(16) we obtain

(X, ¥;5 Xo, Yo) = Jo(2ivV(x = x0) (¥ = ¥o))-
Then, applying (13) and (14) we obtain

— x/V2 L . — . Yo
K=e [ﬁjo(hx/(xo x)y0)+t\fxo_x

H=eyfﬁ[\i@fazix/(yry)xo)ﬂ\/ o J,(zw(yo—y)xo)],
Yo~y

Ji(2iv (xo—x)J’o)],

! Multiplying the original PDE by 2, we get it in canonical form.
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for y=0 and x =0, respectively. Changing dummy variables under integration signs
by t, and x,, ¥, by x, y (since the characteristics are chosen arbitrarily), (15) becomes

1 1 1 1
G(x,y)=5G(x,0)+5 G(O,y)+5j de+5j Hdy
OR oQ

:% J eV 12iV(x—1)y) dt

+% Jy eV 2= 0)x) dt + Jo(2ivxp).

In the above equality, all steps are performed without any difficulty, recalling that the
two appearing integrals of the type

_iJ' otV /%]l(zim) dt

can be integrated by parts, yielding
/2 . % 1 V2 .
e —10(21 ng)_ﬁ e JO(2lv(n—I)§) dt.

Acknowledgment. We thank Josep Grané for pointing us to the solution of (4);
Carles Sim¢é for his advice in obtaining Lemma 1, and Philippe Flajolet for many
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POLYNOMIAL THRESHOLD FUNCTIONS, AC® FUNCTIONS, AND
SPECTRAL NORMS*

JEHOSHUA BRUCK' AND ROMAN SMOLENSKY?*

Abstract. This paper examines the class of polynomial threshold functions using harmonic analysis
and applies the results to derive lower bounds related to AC® functions. A Boolean function is polynomial
threshold if it can be represented as the sign of a sparse polynomial (one that consists of a polynomial
number of terms). The main result of this paper is that the class of polynomial threshold functions can be
characterized using their spectral representation. In particular, it is proved that an n-variable Boolean
function whose L, spectral norm is bounded by a polynomial in n is a polynomial threshold function, while
a Boolean function whose L' spectral norm is not bounded by a polynomial in n is not a polynomial
threshold function [J. Bruck, SIAM J. Discrete Math., 3 (1990), pp. 168-177]. The motivation is that the
characterization of polynomial threshold functions can be applied to obtain upper and lower bounds on
the complexity of computing with networks of linear threshold elements. In this paper results related to the
complexity of computing AC® functions are presented. More applications of the characterization theorem
are presented in [J. Bruck, SIAM J. Discrete Math., 3 (1990), pp. 168-177] and [K. Y. Siu and J. Bruck,
SIAM J. Discrete Math., 4 (1991), pp. 423-435].

Key words. Boolean functions, threshold functions, AC® functions, harmonic analysis, complexity
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1. Introduction.
1.1. Polynomial threshold functions. A Boolean function f(X) is a threshold
function if

if
pom=smron={} 1158

where

F(X)= Y wX"

aef{0, 1}"

b

X € X,
i=1
and n is the number of variables. Throughout this paper a Boolean function will be
defined as f:{1, —1}" > {1, —1}; namely, 0 and 1 are represented by 1 and —1, respec-
tively. It is also assumed, without loss of generality, that F(X) # 0 or all X.

A threshold gate is a gate that computes a threshold function. It can be shown
that any Boolean function can be computed by a single threshold gate if we allow the
number of monomials in F(X) to be as large as 2". This stimulates the following
natural question: What happens when the number of monomials (terms) in F(X) is
bounded by a polynomial in n?

The question can be formulated by defining a new complexity class of Boolean
functions.

DEerINITION. Let PT,, for polynomial threshold functions, be the set of all Boolean
functions that can be computed by a single threshold gate where the number of
monomials is bounded by a polynomial in n.

* Received by the editors April 25, 1990; accepted for publication (in revised form) March 5, 1991.
+ IBM Almaden Research Center, 650 Harry Road, San Jose, California 95120-6099.
t Computer Science Department, University of Toronto, Toronto, Canada M5S 1A4.
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The main goal of this paper is to characterize PT, using the spectral representation
of Boolean functions and to understand its relationship with the AC® class of Boolean
functions.

1.2. Spectral representation of Boolean functions. The idea of representing Boolean
functions as polynomials over the field of rational numbers was first used in the context
of counting the number of equivalent Boolean functions [10]. Every Boolean function
can be computed as a polynomial over the reals as follows:

f(X)= Y a. X"
ae{0,1}"
This representation will be called the polynomial representation of f. This representation
is unique and the coefficients of the polynomial {a, |a € {0, 1}"} are called the spectral
coeflicients or the spectrum of f. The spectrum of f has many nice properties (for more
details, see [10], [12]); one of them follows from the Parseval identity:

L(f)= % ai=1-

aef{0,1}"

We are interested in the L, and L, norms associated with the spectrum of f. Namely,

L(f)= % |aa|

ac{0,1}"
and
Lo(f)= max |a,|.

ac{0,1}"
Note that for any Boolean function f, L,(f)=1, L,(f) =1, and L (f)=1.
Example. Consider the function f(x,, x,) = x; A X,. Then

f(x, x5) =%(1 +x,+ X, — X1X;).

Note that L,(f) =2, L,(f)=1, and L.(f)=3. Recently the spectral approach proved
itself to be a useful tool in the study of Boolean functions [4], [9]. Here we extend
the results in [4] and establish a connection between the complexity of computing a
Boolean function with threshold circuits and its spectral norms.

1.3. Some motivation. Recently, there has been considerable interest in study of
the computational model of bounded depth unbounded fan-in polynomial size circuits
that consist of linear threshold gates [6], [13], [15], [18]. This interest follows from
recent results in complexity of circuits [8], [14], [17], which indicate that MAJORITY
(hence, linear threshold functions) cannot be computed by a bounded depth unbounded
fan-in polynomial size circuit that consists of v, A, NOT, and PARITY gates. Thus,
the next natural step in the analysis is adding MAJORITY as a possible gate in the
computational model. Another motivation for this work comes from the area of neural
networks [3], [7], where a linear threshold element is the basic processing element.

Why are we interested in polynomial threshold functions? It turns out that lower
and upper bounds for polynomial threshold functions can be used to obtain lower
and upper bounds for circuits of linear threshold functions. In particular, it was proved
in [4] that the class of polynomial threshold functions is strictly contained in the class
of functions that can be computed by a depth-2 circuit of linear threshold elements.
For example, the upper bound obtained in this paper gives us a technique to prove
upper bounds on the size of threshold circuits of depth 2.

The main tool in obtaining the results in [4] is a necessary condition for a function
to be polynomial threshold: let f be a polynomial threshold function; then LX'(f) is
bounded by a polynomial in n (number of variables).
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The main result in this paper is a characterization of the functions in PT, using
spectral norms. It can be perceived as an extension of the result in [4]. In particular,
we obtain a dual result: given a Boolean function f; if L,(f) is bounded by a polynomial
in n (number of variables), then it is a polynomial threshold function. Namely, we
have a characterization of polynomial threshold functions using their spectral norms.
We also prove that those conditions are strict, i.e., they are only necessary/sufficient
conditions. Formally, let PL, be the class of Boolean functions for which the spectral
norm L, is bounded by a polynomial in n and PL the class of Boolean functions for
which L3 is bounded by a polynomial in n. Then our main result is the following
theorem.

CHARACTERIZATION THEOREM.

PL,c PT,c PL..

1.4. Applications. There are two possible applications to characterization results.
Sufficient conditions can be used to obtain upper bounds on the depth of a circuit that
computes a certain function. For example, our characterization theorem is applied in
[16] to prove the existence of depth-2, polynomial size MAJORITY circuits for
comparison and for addition of two n-bit integers (recently, constructions for both
functions were obtained [2]). These results also led to a construction of a depth-4,
polynomial size MAJORITY circuit that computes the product of two n-bit integers.

Necessary conditions can be used to obtain lower bounds. For example, in [4] it
was proved that there are functions that can be computed by a depth-2, polynomial
size MAJORITY circuit but are not polynomial threshold functions.

In this paper we are mainly interested in using this approach for understanding
the relation between threshold functions and AC° functions. In particular, it is interest-
ing to find out whether AC°< PL, . A result like this would imply that any AC° function
can be computed with two layers of MAJORITY. We prove that this is not true, namely,
that there exists an AC° function that has an exponential L, norm. Actually, we are
able to prove a much stronger result. We exhibit a Boolean function such that
L3 =Q(n™> &™) Namely, there are AC® functions that cannot be computed as a
sign of a sparse polynomial. This result complements that of [11] (about approximation
of AC? functions).

From [4] we know that the class of polynomial threshold functions is strictly
contained in the class of Boolean functions that can be computed by a depth-2,
polynomial size circuit of MAJORITY gates. Hence, in view of this, it is natural to
ask whether there are AC° functions that cannot be computed by a depth-2, polynomial
size circuit of MAJORITY gates. We find a Q(n"”'°&)) Jower bound on the size of
a depth-2 circuit of MAJORITY gates that computes a certain AC° function. This
provides a lower bound to the fact that three layers are sufficient to compute functions
in AC® with MAJORITY gates [1].

The paper is organized as follows: in the next section we prove the characterization
theorem, in § 3 we describe the application to AC® functions, and finally, we address
some open problems. In the Appendix we sketch some of the related results from [4].

2. Characterizing polynomial threshold functions. In this section we characterize
polynomial threshold functions using spectral norms. We will use the L, and L., norms.
Let PL, be the class of Boolean functions for which the spectral norm L, is bounded
from above by a polynomial in n. And let PL., be the class of Boolean functions for
which L' is bounded from above by a polynomial in n.

THEOREM 1.

PL,c PT,c PL,.
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Proof. In [4] it was proved that PT, < PL,, (a sketch of the proof is included in
the appendix). Hence, to prove the theorem we need to prove the following three
lemmas.

1. PL,< PT,. We do that in Lemma 1 below by using probabilistic arguments.

2. The inclusion is proper, i.e., PL,< PT,, by exhibiting a function f such that
f€PT, but f¢ PL,. We prove that the EXACT, , function (outputs-1 if and only if
exactly half of its inputs are —1) is in PT, (Lemma 2) but not in PL, (Lemma 3).

3. The inclusion PT; < PL is proper by exhibiting a function f, such that f € PL,,
but f¢ PT, (Lemma 4).

To prove that PL, < PT;, we actually prove a stronger result.

LEmMMA 1. For any Boolean function f(X), there is a polynomial F(X), with at
most 2nL,(f) terms, such that f(X)=sgn (F(X)).

Proof. The proof is obtained by using the probabilistic method [5].

Let {a,|a €{0,1}"} be the spectral coefficients of f(X). That is,

f(X)= Y a.X"
aef{o, 1}"
We will prove that a polynomial F(X), such that f(X)=sgn (F(X)), exists by con-
structing it from the polynomial representation of f(X).
Define a probability distribution over the a’s, a €{0, 1}", as follows:

ol

COL(f)
We choose the terms to be included in F(X) according to the foregoing probability
distribution. A term sgn (a,)X* is included in F(X) with probability p.. Formally,
define m independently and identically distributed (i.i.d.) random variables Z;, where
1=i=m. For all a, Z;=sgn (a,) X with probability p,. These are the m monomials
of F(X). The value m will be determined later. Namely,

F(X)=Y Z.
i=1
Hence, F(X) is a polynomial constructed by selecting the monomials at random. Note
that F may contain duplications of any term. For any given X, F(X) is a random real
variable. The first two moments of this random variable are given by:

E(Z(X)) =% pasgn(a,)X*

o ad]
=210

1 o
“LoE X

f(X)

T Ly(f)

sgn (a,) X*

So

mf (X)

B

and

1
Var (F(X))= m(l—m>.
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Hence, choosing m = 2nL}(f) and applying the Central Limit Theorem, for n sufficiently
large,

Prob [ f(X) # sgn (F(X))]éexp(— )éexp (=n)<27".

m
2L -1
And by the union bound we get that
Prob [ f(X) #sgn (F(X)), for some X]<1.
Hence,
Prob [ f(X) =sgn (F(X)), for all X]>0.

Thus, for any Boolean function f with a “small” L,(f) norm there exists a polynomial
I:“(X) with at most 2nLi(f) monomials such that f(X)=sgn(ﬁ(X)) for all X e
{1,-1}". 0

Remarks. 1. It follows from Lemma 1 that if L,(f) is polynomially “small”, then
there exist a sparse polynomial F(X) suchthat f (X ) =sgn (F(X)). Namely, PL, < PT,.

2. Using the same argument as in Lemma 1 we can also prove the existence of
approximations. Formally, given a function f, there exists a polynomial F(X) with
O(L3(f)n***") monomials such that

IF(X)—f(X)|=n"k

For more details and applications, see [16].

3. Lemma 1 applies also to depth-2 threshold circuits. From [4] we know that a
threshold function with m terms can be computed by a depth-2 threshold circuit of
size mn. Hence, given a function f, there exists a depth-2 circuit of linear threshold
elements of size O(L}(f)n>) that computes f.

Before we prove the next two lemmas we define the following function.

DEerINITION 1. EXACT, , is a Boolean function of n variables that is defined as
follows:

—1 if there are exactly k —1’s in X

EXACT, .(X)= { .
’ 1 otherwise.
LEMMA 2.
EXACT, € PT,.

Proof. We prove this by constructing a polynomial F(X) such that
EXACT, 5 (X)=sgn (F(X)). Let

F(X)=(k=1)+x;x+ X X3+ -+ Xop_ Xok-

Namely, F(X) consists of a constant term (k—1) and all the (¥) products of two
variables. Suppose X consists of (k+m) —1’s and (k—m) 1’s. Note that we want
F(X) <0 if and only if m=0. Since F(X) is symmetric, we may calculate the value
of F(X) as a function of m. The number of nonconstant terms in F(X) that are —1
is exactly

kK —m?=(k+m)(k—m)
and the rest of the terms are 1. Hence, for X having m —1’s,
F(X)=(k=1)+(%) -2k~ m?
=2m’—1.

Clearly, EXACT,, (X ) =sgn (F(X)). 0
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LEMMA 3.
k

2
LI(EXACTk’zk) ; E.

Proof. The idea is to compute the spectral coefficients that correspond to
monomials with exactly k variables. Since EXACT, ,, is a symmetric function, the
spectral coefficients that correspond to monomials with k variables are identical. Let
us compute the coefficient corresponding to the term x;x,x3 - - - X;, to be denoted by
a. We claim that

(1) & (kY
2%kt Eo(_l) (1) '

The proof is as follows (note that ), x,x, - - - x,, =0):

A
a=

L1
(1) a =?Ex (Zl " X%z« - X EXACT a1 (X)
1
(2) == Y xx - (EXACT (X)—1).

2
27 xe3, 1%

The term (EXACT,x(X)—1) in (2) is ~2 if and only if the number of —1’s in X is
exactly k and zero otherwise. The sign of x;x, - - - x; is the parity of the number of
ones in the first k variables and the result follows. Hence, for even k we have

=S5 5 o (f) ().

i k/2
And,
2k\ 1 k
k
“ 2 :

Before proving the next lemma we define the following function.
DEerINITION 2. The complete quadratic (CQ,) function is a Boolean function of
n variables such that

CQ.(X)=(x1 AX) D (X, AX3)D « -+ D (X1 A Xp).

That is, CQ,, consists of the parity of all the () AND’s between pairs of variables.
LeMmmMma 4.

PT,c PL..

Proof. We prove that the inclusion is proper by constructing a function which is
not in PT, but is in PL,. Consider the complete quadratic function (CQ,(X)) which
is defined in Definition 2 above. From [4] we know that CQ, (X) is not in PT; (and
also not in PL,,). Consider the function f,.,(X) of n+ 1 variables, which is constructed
from CQ,(X) as follows:

Ja1(X) = CQu(X) A Xp1:.

The function f,,,(X) is not in PT, because CQ,(X) can be obtained from f,,; by
projection (setting x,, to logical 1). Next we show that f,,,(X) is in PL,, by exhibiting
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a spectral coefficient that is ““large”; that is, not exponentially small. We compute the
spectral coefficient that corresponds to the constant term in f;, ;. Writing the polynomial
representation of f,,,(X) we have,

f;v+1(X)=%(1+CQn(x1x2, LX) F X — X1 CQR (XX, ¢ - -, X)),

From [4], if CQ,(X)=Y, a,X*, then for all a, |a,|=2""/?. Hence, the spectral
coefficient corresponding to the constant term is at least 0.25 and (1/Lo(f,+1))=4.
That is, f,+; € PL. O

Remark. Using the same argument as in Lemma 4 one can prove a more general
result: Let f& PL, then (f A x,,,) € PL,. Hence, the class PL,, seems very unnatural
in some sense. However, note that the motivation for this class is for proving lower
bounds. Namely, if f€ PL,, then it means that f cannot be computed as the sign of
a sparse polynomial. In this sense, it is a desirable property that we can construct
functions that are not in PL,, and also not in PT;.

3. AC® functions and spectral norms. One of the possible applications of our
results is to obtain bounds on the complexity of Boolean functions. In particular, the
complexity of computing Boolean functions with circuits of MAJORITY gates. In this
section we address a few questions related to computing AC° functions using MAJOR-
ITY gates. See [16] for results related to the complexity of computing arithmetic
functions using MAJORITY gates.

DEFINITION 3. Let MAJ, be the class of functions that can be computed by a
depth-k, polynomial size circuit of MAJORITY gates assuming that at every gate it is
possible to negate any of the inputs. This model of computation is equivalent to a
polynomial size circuit of linear threshold elements of depth k, such that the weights
at every gate are bounded by a polynomial (in the number of variables). This follows
from the fact that we can replace an input with weight w by w copies with weight 1.

The following theorem is a summary of our results related to AC® functions.

THEOREM 2. 1. AC°# PL,.

2. AC°¢ PL..
3. AC°¢ MAJ,.

In what follows we describe the proofs for the three parts of the theorem. Clearly,
the above claims are related. We give the details of the proofs for all the three claims
since we use a different technique for every one of them.

Note the following facts:

1.

PL,c MAJ,.

This follows from Theorem 1, PL, < PT,, and the fact that PT,c MAJ, (see [4]).

2. By the same arguments as in Lemma 1, if the L, spectral norm is O(n"» '°8(")
then the function can be computed by a depth-2, O(n”** '°&")) size circuit of MAJOR-
ITY gates.

Hence, it is natural to ask whether there are AC° functions that have an exponential
L, norm. A negative answer to this question will result in an upper bound on the
complexity of computing AC® functions with MAJORITY gates. Unfortunately, we
prove that indeed there is a function in AC® that has an exponential L, spectral norm.
This result is further evidence that three layers of MAJORITY might be needed to
compute a function in AC° [1].

LEMMA 5.

AC°# PL,.
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Proof. We exhibit a function f€ AC° such that L,(f) is exponential in the number
of variables. We note here that this function is a linear size CNF. First, consider the
following Boolean function;

Fi(X) = (1 A x2) v (33 A X5).

It can be checked that L,(fl) =3.5. Now consider the function f, which is the AND
of n copies of f, where each copy consists of four different variables. Namely, let

A

Ji= (%43 A Xa4i22) v (Xai—1 A Xa;).

Then
f=NJ

The polynomial representation’ of f can be reduced to the following form (note
that a logical 1 is represented by —1):

1 .
f=1—§n‘_7,£[1 (1-£).
Hence,
Li(f)= —1+5.,1_7 (L,(f)-1)"=1.25"

The result follows since L,(f) is exponential and fe AC®. 0

The next natural question is whether AC°< PL,,. Namely, is there an fe AC°
such that L'(f) is not bounded by a polynomial in n? This will also show that there
is an AC° function that is not in PT,, and it will complement the result in [11] that
AC” functions can be approximated by a sign of a polynomial with O(n?°? &™)
terms. To prove the next two lemmas we need a definition and a couple of facts.

DEerFINITION 4. The inner product mod-2 function of n variables is defined as
follows:

IP2,(X) =(x; AX) D (X357 X4) =+ D (X1 A Xp).

Note that IP2, is defined for even n and consists of the parity of the AND’s between
the n/2 pairs.

FacTs. 1. It is well known that the parity of log? (n) variables can be computed
in depth 2d with AND, OR, and NOT gates, by using a tree of XOR’s of log n variables.
Hence, for fixed d, IP2,044(,) is in AC°.

2. It is also known that Lo(IP2,)=2"%? (see [12, Chap. 14]).

LEMMA 6. There exists a Boolean function fe AC°, such that LJ'(f)=
Q(npoly log (n)).

Proof. The function IP2,, 10g (n) € AC® (fact 1) and L' (IP2p1y 10g (n) = 27 '8
(fact 2). Now from [4] (see the Appendix) we have that the number of terms in the
representation as a sign of a polynomial is Q(Ly') and the result follows. o

Now, recall that in [6] it was proved that the IP2, function is not in MAJ,. Using
the same technique as in [6] yields the following lemma.

LEmMA 7. A depth-2 circuit of MAJORITY gates that computes IP2,,, 1o » is Of
size Q(nPoV1oe(m)y,
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Since IP2,,1 105 # € AC?, this result constitutes the first known lower bound to the
result of Allender [1]. Namely, there are AC® functions that cannot be computed by
a depth-2 circuit of MAJORITY gates.

4. Open problems. There are a few open problems related to the results in the
paper:

1. Note that the function IP2,,; 0. » can actually be computed with O(nPovloe(n)
terms/ gates. It is possible to compute exactly any AC° function by a sign of a polynomial
with O(n?°” '°8 (") terms? A result like this implies that any AC° function is computable
by a depth-2, O(n”*"'°8 () size circuit of MAJORITY gates. We note here that in
order to prove an exponential lower bound on the number of terms we will need a
different technique than the one used here. The reason is that it is possible to prove
(based on [11]) that for AC® functions L' = O(n"% 08 ("),

2. A more interesting question will be to find an AC® function which cannot be
computed by a depth-3, polynomial size circuit of MAJORITY gates. This will give a
better lower bound for the result in [1].

3. Is there some fixed d, such that any AC° function can be computed by a
depth-d, polynomial size circuit of MAJORITY gates?

Appendix: A spectral lower bound. In [4], we made the first connection between
the complexity of computing with threshold functions and harmonic analysis tech-
niques. The result in [4] that is relevant to this paper is a lower bound on the number
of terms which is expressed using the spectral coefficients. This result completes the
characterization theorem. For the sake of the completeness of the presentation we
sketch the proof here.

DEerINITION. Let S<{0,1}"; a Boolean function f is an S-threshold function if
there exist integers that we call weights (the w,’s) such that f(X)=sgn (Xacs waX ).

THEOREM 3. Let f(X)=sgn (Y ,cs woX*) be an S-threshold function and let
{a,|a €{0,1}"} be its spectral representation; then

1
Lo(f)

Proof. The proof is based on the following two key lemmas that are proved in [4].
LeMMA 8. Fix S<{0,1}". Let F(X)=Y,cs w,X°. Let f(X), Xe{-1,1}", be a
Boolean function with spectral representation {a,|a €{0,1}"}. Then

f(X)=sgn(F(X)) VXefl,-1}"

1S|=

if and only if
Y |F(x)=2" Zs Wolly.

Xefl,-1}"
LEMMA 9. Let F(X)=Y,cs WX Then for all a € S:
2wal= ¥ ; |F(X)|.
1

Xell, -
The proof of the theorem is as follows: By Lemmas 8 and 9 for all a € S:

|wa|§ Y w.a,.
aeS

We multiply the above inequality by |a,| and sum over all a € S:

T laallwal= T laa| T |walla.l.
aeS aeS aeS
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Hence,

T la.z1.

aeS

Note that this is a stronger statement than

1
Lo(f)

Note that PT, < PL,, follows directly from the foregoing theorem.

|S|=
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THE AVERAGE COMPLEXITY OF PARALLEL COMPARISON MERGING*

MIHALY GEREB-GRAUSt AND DANNY KRIZANC#

Abstract. An optimal lower bound on the average time required by any algorithm that merges two
sorted lists on Valiant’s parallel computation tree model is proven.

Key words. merging, parallel comparison tree, average case complexity

AMS(MOS) subject classifications. 68P10, 68Q10

1. Introduction. Valiant [V]introduced the parallel computation tree (PCT) model
for studying parallelism in the classical comparison problems of maximum, median,
merging, and sorting. The input for each problem is a set of n elements on which a
linear ordering is defined. The basic operation available to processors is the comparison
of two elements. With p processors, p comparisons may be performed simultaneously
in one step. Depending on which of the 27 possible results is attained, the next set of
p comparisons is chosen. The computation ends when sufficient information is dis-
covered about the relationships of the elements to specify the solution to the given
problem.

The deterministic time complexity of a problem in this model is the number of
steps required for the worst case input or the minimum depth of a tree solving the
problem, as a function of the size of the input set and the number of processors used.

The model is easily extended to allow random computations. In the randomized
PCT model, at each step we introduce a probability distribution over the choice of
which p comparisons are to be performed. In this case, the randomized time complexity
of a randomized PCT is the expected number of steps required on the worst case input.
The average time complexity is the expected number of steps required by a PCT on
the uniform distribution of the inputs. It is easy to see that the deterministic complexity
is greater than or equal to the randomized complexity, which in turn is greater than
or equal to the randomized average complexity. Since any randomized PCT can be
thought of as a probability distribution over deterministic PCTs, the randomized
average complexity is equal to the deterministic average complexity. Therefore, it is
sufficient to consider deterministic PCTs below.

The deterministic and average (and therefore randomized) complexities of the
above problems are now fairly well understood. Valiant [ V] gives matching deterministic
upper and lower bounds for finding the maximum. The lower bound presented there
also holds for the median. Deterministic upper bounds for the median are presented
in [AKSS], [P], and [AP]. The average complexity of maximum and median finding
is determined in [R] and [M]. A complete characterization of sorting is given in the
papers [AKS], [AAV] (deterministic), and [AA] (average).

Valiant [V] gave a deterministic O(; +1log (log n/log (1+14))) algorithm for merg-
ing two sorted lists of length n using p processors. The matching worst case deterministic

* Received by the editors June 15, 1989; accepted for publication (in revised form) March 5, 1991.
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lower bound was given by Borodin and Hopcroft [BH]. In this paper we show that
the same bound holds for the average case.

A parallel algorithm is said to achieve optimal speedup if its running time using
p processors is proportional to the sequential running time divided by p. We found
that for merging two sorted lists of length n, average optimal speedup is achievable
up to the point where the number of processors is n/log log n. Adding more processors
does not result in more than constant reduction in the average time until the number
of processors is greater than n.

In § 3 we prove a lower bound for average time complexity of merging two sorted
lists, both of length n using n processors in the PCT model. In § 4, we generalize the
above result by giving lower bounds for the case where we are merging sorted lists of
length n and m using p processors.

2. Preliminaries. Let A=(a,, "', a,_,)and B=(b,, - - -, b,,) be two sorted lists
to be merged and let C =(A, B)=(¢,, - - -, ¢5,) be the resulting merged list. Partition
C into s”/® blocks, each containing 2s'/® elements. (Note: Throughout the paper
logarithms are to the base 2 and expressions take nonnegative integral values whenever
this is convenient and otherwise insubstantial.) Denote the Ith block by C;

(Cr=(cu-1)2s241, " * "5 Cpg's)) forl=1,---, s7'®,
Let A, and B, be the elements of C, in A and in B, respectively, for I=1,---,s”% A
block is said to be balanced if ||A,|—s"% <s"".

By recursively applying the partitioning described above, starting with s = n, we
define a levelled block partitioning of the input where each level of the partitioning
is a refinement of the previous level. The kth level consists of n'~/®" blocks, each
containing 2n®" elements for k=0, -, cloglogn, where ¢<j is an arbitrarily
chosen constant.

Each step of a PCT algorithm consists of making p comparisons, where p is the
number of processors available. We index the comparison of a, and b, by (u, v). We
say the Ith block C,=(A,, B;) is touched by the comparison (u, v) if and only if a, € A,
and b, € B;. A comparison can touch at most one block. If it does not fall within a
block, and the boundaries of the blocks are revealed, it provides no information about
the merging of any block. If a block is touched by one or more comparisons we will
consider it as entirely merged and additional comparisons are not required for it.
However, if a block is left untouched by all p comparisons, no information was gained
about it during that step, and it remains a subproblem containing 2s'/® elements to be
merged independently.

3. Average case lower bound. In this section we prove the following theorem.

THEOREM 1. The average time complexity of any PCT that merges two sorted lists
of length n using n processors is Q(loglog n).

Proof. To prove the theorem we show that the majority of kth level blocks will
be left untouched by comparisons made during the kth step of a merging algorithm
fork=1,---, cloglog n. Therefore, after O(log log n) steps the majority of the blocks,
and thus elements, will be left unmerged. We first bound the expected number of
blocks merged during the kth step of the algorithm. Prior to the kth step of the algorithm
we reveal the block partitioning of the input up to the (k —1)th level. Note that if we
now consider any block from the kth level of the partitioning, the uniform distribution
over the inputs conditioned by the first k — 1 levels of the partitioning yields the uniform
distribution over this block.
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Let 25 =2n/®""" the size of the (k—1)th level blocks. We will consider a kth
level block merged during the kth step if the (k—1)th level block of which it is a
subblock was unmerged prior to the kth step and one of the following is true:

1. It is one of the first or last s*’* subblocks of a (k —1)th level block.

2. It is unbalanced.

3. It is below the first and above the last s** subblocks and a comparison touches
it.

The above accounting gives an upper bound on the number of kth level blocks
(and therefore the number of elements) that are merged during the kth step. We give
upper bounds on the expected number of elements merged in each case.

Case 1. At most 2s¥/*- n'~(/®" . g1/8 = p1=0/9*" elements are merged in this case.

Case 2. Since the (k —1)th level block was unmerged it must be balanced. Deciding
the boundaries of a subblock of such a balanced block is equivalent to sampling
elements from a space with N =2s elements, at most M = s+ s** elements of which
are from list A (or B). Using bounds on the hypergeometric distribution given in [C],
the probability that we select j = s'/*+ s'/' or more elements from A (or B) in h =2s"®
trials is at most

H(M, N, h, j)=exp (—2(;——> h)

=exp (—=s"**)<O(s7"*).

Thus the expected number of elements merged in this case is at most
n' WO o578 L 58 = O(n' ") elements.

Case 3. Consider an arbitrary comparison (u, v). If it is to touch the Ith block,
we must have (I—1) - 2s"*<u+v=1-2s"* whichimplies | = [(u+v)/2s"*]. Suppose
the last element of A, is a,,. Since |A;|<2s"/®, there are at most 2s'/® possible values
for d,. These possible boundary values are u = d,; < u+2s"®. Thus the probability that
(u, v) touches any block is equal to the probability that it touches the Ith block, which
is less than or equal to the probability that u=d, <u+2s"%.

For a particular r,, the probability that d,=1-s"*—r, is

( I-25'8 )( 2s—1-2s"% )
I-s"8—p s—s8—(r—r)

()

For a given r the above takes its maximum when sign (r,) =sign (r) and |r,|<|r|.
Then it is equal to
1-25Y3\ (2s—1-2s"3\ 7o (1-sY®—i" " (s—1-s"%)—i
l' s1/8 H

= (1 sV®)+i i (s—1-s*)+i
2s ros—i )
() i
s i—18+1
For s¥*=1=5"8—s%* by Stirling approximation the first expression is O(s*'®).
In the second expression, if we order the factors at the top and the bottom, then each
factor at the bottom will be bigger than the corresponding factor at the top, and as a
consequence the second expression is bounded by 1.
Therefore the probability that a comparison touches any block in the given range

is O(s™*®) - 25"/*=0(s~"*). Since there are n comparisons the expected number of
. . . — — +1
elements merged in this case is at most n- O(s™"*) - s"/8=0(n'""/®"") elements.

s—s'/8
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Combining the three cases we haye during the kth step, the expected number of
elements merged is at most O(n'~/®"""). Summing over the first c log log n steps we
get that the total expected number of elements merged is o(n). From this the theorem
follows. O

4. Further results. To complete our investigation we look at the general case where
the number of processors is p, and we are merging sorted lists of length n and m. We
prove the following theorem.

THEOREM 2. The average time complexity of any PCT that merges two sorted lists,
one of length n, the other of length m = n, using p processors is

1. @(ﬁ(log(%)+l>+loglogn> if p=2n;
P 10g(m/n)) . n’
2. - g &) +—2—— =—;
®<loglogn loglog(n) log (p/n) if 2n<p >
log (m/n) ) . _n’
3. @(—+1 ifp=—.
log (p/m ") 7P=7

Proof. Case 1. p=n. Valiant [V] showed how to merge two sorted lists of length
n with p=2n processors in time O(;+loglogn). To merge lists of length n and m,
first merge, using p processors, the list of length n with a list of length n consisting
of every 7th element of the second list. Now insert each of the n elements from the
first list into the list of length %' in which it belongs. With p processors using binary
search this takes at most O(; log (7)) time.

The average case lower bound follows from the information-theoretic lower bound
of Q(log (™) for the average number of comparisons required for merging in the
sequential setting and from the claim below.

Case 2. n=p=n®/2. Valiant [V] showed how to merge two sorted lists of length
n with p=2n processors in time O(log log n —loglog (£)). As above, to merge lists of
length n and m, first merge the list of length n with a list of length n composed of
every 7'th element of the second list. Then insert each of the n elements of the first
list into the list of length % in which it belongs. With p processors available we can
assign £ to each element and therefore use Z-way search. This requires
O(log (m/n)/log (p/n)) time.

There are two parts to the lower bound. The first portion is immediate from the
following claim.

CLAIM. Let us express p in form: p=n"">"_ If m<n'*9"", then the average time
complexity of any PCT that merges two sorted lists, one of length n, the other of length
m, using p processors is

Q(q)= Q(log log n —log log (%)) .

Proof of Claim. As in the proof of Theorem 1, we recursively partition the input

into blocks. In this case the blocks at the kth level are of size n/®"“+2n/®* Using

the same proof we can show that at most O((p/n)(m/n)n'~"/®*"") elements are

expected to be merged on the kth step. From this we conclude that, for any ¢ <3,

after ¢ log (log n/log (p/n)) steps the expected number of elements merged is o(m).

This implies the average time for merging with p processors is Q(q)=
Q(loglog n—loglog (p/n)). O
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Further, we show that the merging is just as hard (for the average case) as
performing O(n) insertions of elements into lists of length 7. Divide the list of length
m into segments of length 7. If we reveal to the algorithm which of the segments each
of the n elements of the first list fall in, we are left with the problem of inserting these
elements into their corresponding segments. With constant probability there are at
least 5 segments with at least one element to be inserted. To perform one such insertion
with 2 processors requires Q(log (m/n)/log (2p/n)) time on average. (This follows
from the optimality of p-way search with p processors. See [K].) Therefore, to perform
7 independent insertions (note that information gathered in one insertion is of no use
in another) with p processors requires Q(log (m/n)/log (2p/n)) time on average. This
implies the average time for merging with p processors is Q(log (m/n)/log (p/n)).

Case 3. p=(n®/2). The upper bound is the same as Case 2. With p=(n°/2)
processors, merging two sorted lists of length n requires constant time. The lower
bound is the second part of the lower bound of Case 2. Note that merging always
requires at least one step. 0

As a corollary, we have the case of merging two sorted lists of length n using p
processors.

CorOLLARY 1. The average time complexity of any PCT that merges two sorted
lists of length n using p processors is

n log n
G(pﬂog (log(1+p/n))>' .
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A NOTE ON THE HEIGHT OF SUFFIX TREES*

LUC DEVROYET, WOJCIECH SZPANKOWSKI$, AND BONITA RAIS§

Abstract. Consider a random word in which the individual symbols are drawn from a finite or infinite
alphabet with symbol probabilities p;, and let H, be the height of the suffix tree constructed from the first
n suffixes of this word. It is shown that H,, is asymptotically close to 2 log n/log (1/Y, p?) in many respects:
the difference is O(loglog n) in probability, and the ratio tends to one almost surely and in the mean.

Key words. suffix tree, height, trie hashing, analysis of algorithms, strong convergence algorithms on
words

AMS(MOS) subject classifications. 68Q25, 68P05
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1. Introduction. Tries are efficient data structures that were developed and
modified by Fredkin [14]; Knuth [19]; Larson [21]; Fagin, Nievergelt, Pippenger, and
Strong [10]; Litwin [23], [24]; Aho, Hopcroft, and Ullman [2]; and others. Multi-
dimensional generalizations were given in Nievergelt, Hinterberger, and Sevcik [26]
and Régnier [30]. One kind of trie, the suffix tree, is of particular utility in a variety
of algorithms on strings (Aho, Hopcroft, and Ullman [1]; McCreight [25]; Apostolico
[3]). However, except for the results in Apostolico and Szpankowski [5], who give an
upper bound on the expected height (see also Szpankowski [32]), very little is known
about the expected behavior of suffix trees. Also noteworthy is a result by Blumer,
Ehrenfeucht, and Haussler [6] who obtained asymptotics for the expected size of the
suffix tree under an equal probability model. The difficulty arises from the interdepen-
dence between the keys, which are suffixes of one string. In this note, we study the
height of the suffix tree. The results of our analysis find applications in many areas
(Aho, Hopcroft, and Ullman [1]; Apostolico [3]). For example, suffix trees are used
to find the longest repeated substring (Weiner [33]), to find all squares or repetitions
in strings (Apostolico and Preparata [4]), to compute string statistics (Apostolico and
Preparata [4]), to perform approximate string matching (Landau and Vishkin [20];
Galil and Park [15]), to compress text (Lempel and Ziv [22]; Rodeh, Pratt, and Even
[29]), to analyze genetic sequences, to identify biologically significant motif patterns
in DNA (Chung and Lawler [8]), to perform sequence assembly (Chung and Lawler
[81]), and to detect approximate overlaps in strings (Chung and Lawler [8]). Consequen-
ces of our findings for an efficient design of algorithms are extensively discussed in
Apostolico and Szpankowski [5].
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We consider an independently and identically distributed (i.i.d.) sequence
X,, X,, -+ of integer-valued nonnegative random variables with P(X,=1i)=p; for
i=0,1,2,---and Y, p; = 1. The X;’s should be considered as symbols in some alphabet.
Together, they form a word X = X, X,X; - - -. We do not assume that the alphabet is
finite, but we will assume that no p; is one, for otherwise all the symbols are identical
with probability one. The suffixes Y; of X are obtained by forming the sequences
Y; = (XX, - - +). The suffix tree based upon Y, - - -, Y, is the trie obtained when the
Y;’s are used as words (for a definition of tries, see Knuth [19]; for a survey of recent
results, see Szpankowski [31], [32]). Note, however, that we do not compress the trie
as in a PATRICIA trie, i.e., no substrings are collapsed into one node.
In this note we study the height H, of the suffix tree, which is given by
H,= max C,
ijl=ij=n
where Cj; is the length of the longest common prefix of Y; and Yj,i.e., C; =k if
(Xi, -, Xi+k-1)=(Xj tt, Xj+k—l) and X # Xk

In the discussions to follow, we will use the standard notations for the L,-metric:
Ipll.= (T pD"", where 0<r<oco, and | pllo=max;p;. We write f(n)~g(n) if
lim, . f(n)/g(n)=1, and we will reserve the symbol Q to stand for 1/ p|..

THEOREM. For a random suffix tree, H,/logon—1 in probability. Also, for all
mz1, EH,' ~(logon)™.

We will prove this result using only elementary probability theoretical tools, such
as the second moment method. Nevertheless, we will in fact be able to show that for
any £ >0 and any sequence w, 1,

(D) lim P(H,>logon+w,)=0
and
(2) lim P(H, <logon—(1+¢)logglogn)=0.

n->o00

Thus, the variations of H, are at most of the order of loglog n. In § 4, we will show
that the convergence in the theorem is in the almost sure sense as well.

It is interesting to note that the first asymptotic term (loge n) is of the same order
of magnitude as for the asymmetric trie when the words Y,, - - -, Y, are i.i.d. (Pittel
[27], [28]; Szpankowski [32]). In [27], Pittel showed that H, /logo n - 1 almost surely,
and in [28], he showed that H, —log, n = O(1) in probability. Other properties of the
height of a trie under the independent model can be found in Yao [34]; Régnier [30];
Flajolet [11]; Devroye [9]; Pittel [27], [28]; Jacquet and Régnier [16]; and Szpankowski
[32], who presents a survey of recent results. The reader is also referred to some other
related papers, such as Kirschenhofer and Prodinger [18], Flajolet and Puech [12],
Flajolet and Sedgewick [13], and Szpankowski [31].

2. Preliminary results. We present four simple lemmas. The first two are trivial.
The third one is due to Apostolico and Szpankowski [5].
LEMMA 1.

Iplz=lpli=lplw.

LemMma 2. For every rz2, || p|.= | pll.-

Proof. Let f(x)={Y; p7}"/* for x> 0. It is easy to show that the first derivative of
f(x) is negative for all x>0, and hence f is a decreasing function. For details, see
Szpankowski [32] and Karlin and Ost [17]. 0
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LEMMA 3. For 0<|i—j|=d, we have
r d—r
P(Cyzk)= (Z pi”) (Z pi“) ,

where = |k/d] and r=k—dl =k mod d. In particular, for |i—j|= k, we have P(C;=
k)= pl3".

LEMMA 4. For 0<|i—j|=d <k, we have P(C; = k)=| p|5*.

Proof. From Lemmas 2 and 3 we immediately obtain

r d—r
P( Ci' = k) — (Z P§+2> (Z pi+1) = ||p||§l+2)r+(l+1)(d—r) — ”P"’zﬁ—d . 0

3. Proof of the theorem. We prove our theorem by showing two tight bounds for
the height H,. Roughly speaking, we shall show that for every £ >0 and large n the
following holds: P(H,>(1+¢)-logon)—>0 as n->c (upper bound), and P(H, <
(1—¢)-logon)—>1 as n->co (lower bound).

We start with an easier part of our proof, namely, the upper bound. Assume that
2=k=n—1. We have, from Lemmas 2 and 4 and Bonferroni’s inclusion-exclusion
inequality for the probability of the union of events,

k—1 n—1
P(max C,-jzk)§2n( Y P(Cazk)+ ) P(C,,Hdzk))
d=k

ij d=1

k—1 n-—1
@ =2n( S Ip15+ S IpI)
d=1 d=k

k+1

Ipl2 Zk)
§2n(—+n p .
i—pp, "I

This tends to zero provided that | p||,<1 (this is always true) and that n||p|5 - 0 (for
this, it suffices that k= (log n+w,)/(=log || p|.), with w,—>0). This establishes (1).
Let u. be defined as max (u, 0). Clearly, EH, =logo n +E(H, —logo n)... We will show
that the second term in this upper bound is O(1). Indeed, by (3),

E(H, log (1/ ] p]l) ~log )7 = j P(H, log (1/ ] pl,) ~log n> u"/™) du
0

I“’ ( 27" 2e‘2“'/m>
= + du <o,
o \1=[pl. lpl:
A matching lower bound is obtained by the second moment method. We will use
a form due to Chung and Erdds [7], which states that for events A;, we have

X P(A))’
Z.’ P(A.')'*'Z;#j P(Al n A]) ’

P(U,A)=

Let S be the collection of pairs of indices (i, j) with 1=1i,j=n, and |i—j|Z k. Let A;
be the event that C;; = k. Then

2

P(I?:ljx CizR)ZP(U i pesAy) Z 577
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where

PE Y P(Ay)

(i,j)S
and

¥ Y P(A; N Ap).

(i,),(Lm)e §;(i,j)#(I,m)

To prove our lower bound it is enough to show that the probability on the right-hand
side (RHS) of the above tends to 1 for k slightly smaller than logo n (k=logo n — w,).
First we note that when k = o(n), then by Lemma 3,

P=Y PAy)=[Sllplel(n®~@k+Dn)lpl3", n*llpl3"].

(i,j)eS
We decompose the collection of pairs of pairs of indices

{(GJ), (Lm):(i, j)e S, (L, m)e S, (i, j) # (I, m)}

as follows into I, U LU I,: I; captures all members with min (|I—il,|/—j|)= k and
min (|m—i|, [m—j|)= k. I, holds all members with either min (|I—il,|/—j|)= k and
min (|m —il,|m —j|) <k, or min (|I—il, |I—j|) < k and min (|m —i|, |m —j|) = k. Finally,
I, collects all members with min (|/—il,|l—j|) <k and min (|m—il|,|m—j|) <k By
Lemmas 1 and 2,

P(A; N A) =n'| p)3,

((4,)),(, m))el

Y  P(A;NAL)=8kn’|| p|3*| plls=8kn’|| p|I3¥,

((4,j),(1, m))el,

Y P(A;NAL)=(4k)n?| pl3k.

(i) m)els
Thus,
9 =n*/Q* +8kn®/ Q** +16k*n?/ Q**.
If we choose k such that n| p||5/k - o, then
2= 2 P(A,»jﬂA,m)~n4||p||§",

(i, j),(l, m)eS; (i, j)# (I, m)
Because
9 - P*=8kn’/Q* +16k’n*/ Q* +2(2k+1)n*/ Q*

and 2 =n?/Q%*, we have

P+9-P°
i <k)ys———
Pmax €, <0255

@) _n’/Q* +8kn’/ Q% +16k*n*/ Q** +2(2k +1)n’/ Q*
- n*/ Q**+(1+0(1))n*/ Q*

8kQ*
—

~

Collecting all these terms shows that P(H, = k)~ 1 when n - . The lower bound in
(2) follows by setting k= [(log n —(1+¢) loglog n)/(—log | p|l,)] for £ >0. Also,

EHzk"P(H,z k)~ k™
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if k is chosen as indicated. This concludes the proof of the lower bound and of the
theorem. O

4. Strong convergence.

ProOPOSITION. For the suffix tree, H,/logo n -1 almost surely.

Proof. We observe that H, is monotone 1. Thus, if a, is a monotone 7 sequence,
we have H, > a, finitely often if H,i > a,i- finitely often in i. Similarly, H, < a,, finitely
often if H, < a,i+ finitely often in i. By the Borel-Cantelli lemma, the proposition is
proved if we can show that for all £>0,

(5) O_zo P{H, > (1+¢)ilogo 2} <
and
(6) § P{H, <(1—¢)iloge 2} < 0.

i=

To show (5), we can use the inequality (3) with n=2" and k= [(1+¢)iloge 2].
Note that Q*=2"*" The ith term in (5) is not larger than

(Q—I)Qk Qk =(Q_1)28i 2ei 2

which is summable in i. Similarly, to verify (6), we use (4) with n=2" and k=
[(1—¢)iloge 2]. The ith term in (6) does not exceed

8kQ* 4
(1+0(1)) nQ =(8+o0(1))i(1—¢)(logp 2)27 7,
which is summable in i, as required. O
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COMPUTING ALGEBRAIC FORMULAS USING A CONSTANT
NUMBER OF REGISTERS*

MICHAEL BEN-ORf{ AND RICHARD CLEVE#

Abstract. It is shown that, over an arbitrary ring, the functions computed by polynomial-size algebraic
formulas are also computed by polynomial-length algebraic straight-line programs that use only three
registers. This was previously known for Boolean formulas [D. A. Barrington, J. Comput. System Sci., 38
(1989), pp. 150-164], which are equivalent to algebraic formulas over the ring GF(2). For formulas over
arbitrary rings, the result is an improvement over previous methods that require the number of registers to
be logarithmic in the size of the formulas in order to obtain polynomial-length straight-line programs.
Moreover, the straight-line programs that arise in these constructions have the property that they consist of
statements whose actions on the registers are linear and bijective. A consequence of this is that the problem
of determining the iterated product of n 3 X 3 matrices is complete (under P-projections) for algebraic NC'.
Also, when the ring is GF(2), the programs that arise in the constructions are equivalent to bounded-width
permutation branching programs.

Key words. algebraic computing, straight-line programs, complexity classes
AMS(MOS) subject classifications. 68Q15, 68Q40

1. Introduction. The first investigation of the computational power of programs
whose on-line storage capacity is limited to a constant number of data items was made
by Borodin, Dolev, Fich, and Paul [5] and Chandra, Furst, and Lipton [8]. These
authors considered bounded-width branching programs computing functions from
{0, 1}" to {0, 1}. Such programs are equivalent to straight-line programs that employ
a constant number of {0, 1}-valued read/write registers and have read-only access to
their inputs (disregarding linear differences in the lengths of programs). An advantage
of working with straight-line programs is that, by allowing the inputs and registers to
take values from general algebraic structures, they extend naturally to a model of
computation on more general types of data.

One way of assessing the computational power of these programs is to relate it
to other models of computation, such as circuits or formulas. Circuits and formulas,
like straight-line programs, extend naturally from settings where the data is {0, 1}-valued
to settings where the data takes values from general algebraic structures. Brent [7]
proved that, if the algebraic structure is a ring, any formula of size s can be “‘restruc-
tured” to have depth O(logs). (Actually, Brent’s result, as it is stated, applies to
commutative rings, but it is easily modified to apply to general rings.)

Barrington [2] showed how to compute Boolean formulas of size s (or,
equivalently, depth O(log s)) by bounded-width branching programs of length poly-
nomial in s. One interesting consequence of this result is that the MAJORITY function
from {0, 1}" to {0, 1} is computed by a bounded-width branching program of length
polynomial in n. It was previously thought (and conjectured in [5]) that the MAJORITY
function is not computable by a polynomial-length bounded-width branching program.
(The conjecture was supported by some results obtained under restricted conditions.)

* Received by the editors May 22, 1990; accepted for publication (in revised form) March 21, 1991. A
preliminary version of this paper was presented at the 20th Annual ACM Symposium on Theory of
Computing, Chicago, Illinois, 1988 [4].
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Our result is the following. Let f(x;,- -, x,) be an algebraic formula of size s
over an arbitrary ring (%, +, -, 0, 1). We show how to construct a straight-line program
of length polynomial in s that computes f(x;, - -+, x,) and uses only three registers.
(Our result directly bounds the length of the straight-line program by 4% where d is
the depth of the formula. Brent’s result [7] allows us to assume that d € O(log s).)

In the special case where the ring is GF(2), our result is equivalent to Barrington’s
[2]. Over general rings, we obtain an improvement over the previously known (straight-
forward) method that involves an evaluation of each node in the formula in a “depth-
first traversal” order. This latter method requires a number of registers that is equal
to the depth of the formula, which, in general, is at least logarithmic in the size of the
formula.

Also, the straight-line programs that arise in our constructions have a special form:
they consist of statements that apply special invertible linear operations to the registers.
More precisely, if one regards each possible configuration of values of the three registers
as a vectorin %7, then the effect of executing a statement of these programs is equivalent
to multiplying this vector by a 3 X3 matrix with determinant 1 (and one entry of this
matrix is an input or its negation, and the other entries are constants). Thus, the
statements that constitute these programs can be viewed as elements of SL;(R), the
special linear group, consisting of 3 X3 matrices with determinant 1. In Barrington’s
constructions [2], the statements of the programs can be viewed as elements of the
group Ss, of permutations on a five-element set. To further compare our results, we
note that, when the ring is GF(2), our programs are (in the language of Barrington)
“width-7 permutation branching programs’ and, when R is finite, our programs are
“SL;(R)-permutation branching programs.”

The main motivation for this research is to investigate alternate characterizations
of the complexity class “algebraic NC'* (functions computed by logarithmic-depth
algebraic circuits). In addition, Kilian [10] has shown that the fact that the programs
that arise in Barrington’s constructions [2] are permutation programs has applications
in the design of cryptographic protocols. By expressing Boolean formulas as bounded-
width permutation branching programs, Kilian shows how to construct cryptographic
protocols that perform “‘oblivious function evaluations” of Boolean formulas with a
constant number of rounds of interaction (whereas previously proposed constructions
require Q(log s) rounds, for general formulas of size s). Using our results, this can be
extended to formulas over other rings, such as the integers (see Bar-Ilan and Beaver
[1] for a particular construction).

The proof of our main result is partly motivated by the constructions used by
Coppersmith and Grossman [9] and Barrington [2].

2. Models of computation. Let (%, +, -, 0, 1) be an arbitrary ring. In this section,
we define formulas and straight-line programs over %. Our definition of formulas is
very standard (as circuits that are trees). Our straight-line program model is similar
to conventional models (in which there is a set of registers that contain single ring
elements and statements perform single ring operations) except that our statements
each perform two ring operations. Due to the particular form of the operations in
these straight-line programs, we call them “linear bijection straight-line programs.”
Any statement in such a program can be easily simulated by two statements in a more
conventional straight-line program if one additional register is available.

DEFINITION 1. A formula over (%, +, -, 0, 1) of depth d is defined as follows. A
depth 0 formula is either ¢, for some c€ R (a constant), or x,, for some ue{1,2,- -}
(an input). For d >0, a depth d formula is either (f+g) or (f- g), where f and g are
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formulas of depth d; and d, (respectively) and d =max (d;, d,)+ 1. The size of a
formula is defined as follows. A depth 0 formula has size 1, and if f and g have sizes
sy and s, (respectively), then the sizes of (f+g) and (f- g) are both s,+s,+1. A
formula computes a function from R" to # in a natural way (where n is the number
of distinct inputs occurring in the formula).

DEFINITION 2. A linear bijection straight-line program (LBS program) over
(R, +,-,0,1) is a sequence of assignment statements of the form

R« R +(R;-¢c); or
R« R;—(R;-c); or
R;«R;+(R;"x,); or
Rj(_Rj_(Ri' Xu),

where i, je{l,---,m}, i#j, ce R, and ue{l,---,n}. R,,- -+, R, are registers and
Xy, "+ ,X, are inputs (m is the number of registers and n is the number of inputs).
The length of an LBS program is the number of statements it contains. LBS programs
compute functions from ®" to & in a natural way, provided that we have some fixed
convention about the initial values of registers, and about which register’s final value
is taken to be the output of the computation (we will specify these later).

For each specific value of the inputs x,, - - -, x,,, each statement in an LBS program
induces a transformation on the row vector consisting of the values of the registers
(R, *+, R,). This transformation can be represented by the matrix whose diagonal
entries are 1, whose ijth entry is ¢ or £x, (depending on which of the four basic
forms the statement takes), and whose other entries are 0. Executing a statement is
equivalent to multiplying (R,, - - -, R,,) on the right by the corresponding matrix. For
example, the statement R, « R, + (R, - x,) corresponds to the matrix (when m =3)

1 00
x;, 1 0}.
0 0 1

In this manner, the statements in an LBS program correspond to elements of SL,,(%),
the special linear group consisting of m x m matrices with determinant 1. In particular,
in the language of Valiant [11], an LBS program of length [ that uses m registers can
be viewed as a “ P-projection” of an iterated product of I m X m matrices.

Also, in the language of Barrington [2], when the underlying ring is GF(2), each
LBS program that uses m registers is equivalent to a ‘‘permutation branching program”
of width 2™ —1 (where the “‘states’ are the nonzero elements of {0, 1}™). Barrington
also defines ““G-permutation branching programs” for any finite group G. When & is
finite, our LBS programs correspond to SL,, (% )-permutation branching programs.

3. Main result.

DEerFINITION 3. Let f(x,,- -, x,) be an arbitrary formula over ®. For distinct
i, je{l,-- -, m}, we say that an LBS program offsets R, by +R;- f(x,, -, x,) if it
transforms the values of the registers as follows. R; is incremented by the value of R;
times f(x,, - - -, x,) and (importantly) all other registers incur no net change (i.e., for
all k#j, R, has the same final value as its initial value). For example, the single
statement R; < R, +(R, - x;) offsets R, by +R, - x,. Similarly, we say that an LBS
program offsets R; by —R;- f(x,, -, x,) if it decrements R; by the value of R; times
S(x;, "+, x,) and causes no net change in the values of all other registers. For example,
the single statement R, < R, —(R; - x,) offsets R; by —R, - x;.
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Note that to compute f(x,, - - -, x,,) it is sufficient to construct an LBS program
that offsets R; by +R; - f(x,, - - -, x,,) if one adopts an initialization convention where
R, is initially 1 and R; is initially 0, and one adopts the convention that the value of
R; is the output of the computation.

For convenience, we say that we have LBS programs that offset R; by
+R;: f(x,,"*+,x,) whenever we have an LBS program that offsets R; by
+R;- f(x,, -, x,) as well as an LBS program that offsets R; by —R;* f(x;, "+, X,,).

THEOREM 1. Over an arbitrary ring (R, +,-,0,1), any formula f(x,," -+, x,) of
depth d is computed by an LBS program that uses three registers and has length at
most (24)%

Proof. Recursively on d, the depth of f(x,, - -, x,), we construct LBS programs
that use the three registers and offset R, by £R;* f(x;, - -,x,) (for distinct
i, je{1,2,3}).

The construction is trivial when d = 0: the appropriate single statement offsets R;
by £R; ¢, or by =R, x;.

Suppose that we have LBS programs that offset R; by =R, f(x;," -, x,), and
that offset R; by £R; - g(x,, " -+, x,). Then we can offset R; by +R; - (f+g)(x;, -+, x,)
by the LBS program

offset R; by +R; - f(x;, ", X,)
offset R; by +R;- g(x;, -, X,),

and we can construct a similar program that offsets R; by —R;- (f+g)(x,, - -, x,).
The interesting part of our construction is that we can offset R, by

+Ri‘ (f' g)(xla U axn)
by the LBS program

offset R, by —R;- g(x;,- -+, x,)
offset R; by +R; - f(xy, ", x,)
offset R, by +R;- g(xy, -, x,)
offset R; by =R, f(x;, ", X,).

To verify that this program has the required properties, let r;, r;, r, be the values of
Ri, R;, R, (respectively) before executing the above program. Note that register R; is
not modified by any of the four stages in the program. Register R; is incremented by
i f(x1,**+,x,) (in the second stage) and then decremented by r,- f(x,,- - -, x,) (in
the fourth stage), and thus register R; incurs no net change from the execution of the
program. Finally, register R, is decremented by r;- g(x,, - - -, x,) (in the first stage)
and then incremented by

(it fOe, e %)) - g(x, w0, %)

(in the third stage). Thus, the net effect of the above program is to increment the
contents of register R, by r;- (f+ g)(x;, - -, x,), as claimed.

Also, there is a similar construction that offsets R, by —R;- (f- g)(x{, " -, x,)
(simply switch the “+” and “~” in the second and fourth stages).

Since the maximum recursive factor per level of depth in this construction is four,
if the depth of f(x,,--,x,) is d, the resulting LBS program has length at most
=02 0O

Combining Theorem 1 with Brent’s restructuring result [7], we obtain the following
corollary.
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COROLLARY 2. Over an arbitrary ring (R, +, -,0, 1), any formula f(x,, - - -, x,) of
size s is computed by an LBS program that uses three registers and has length polynomial
in s.

By recalling (from § 2) the close relationship between LBS programs and iterated
products of matrices, and noting that iterated products of 3 x3 matrices are easily
expressed as polynomial-size formulas, we obtain the following from Corollary 2.

COROLLARY 3. Over an arbitrary ring (R, +, -,0, 1), the problem of computing the
product of n 3 x3 matrices is complete under P-projections (as defined by Valiant [11])
for algebraic NC' (the class of functions computed by polynomial-size formulas).
Moreover, the problem remains complete if the matrices are restricted to those that have
determinant 1.

Finally, we mention that the uniform versions of Barrington’s result [2], [3] also
carry over to our results in a straightforward manner. For example, Corollary 3 also
holds for log-time uniform NC' and with respect to log-time uniform P-projections.
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ASYMPTOTIC ANALYSIS OF AN ALGORITHM FOR BALANCED
PARALLEL PROCESSOR SCHEDULING*

LI-HUI TSAI'

Abstract. This paper considers the problem of assigning n tasks, under the constraint of balancing the
number of tasks processed, to two identical processors to minimize the makespan. The authors develop an
algorithm assigning |n/2| tasks to one processor and [n/2] to another. The absolute difference between
the optimal makespan and the heuristic makespan is proved to be bounded by O(log n/n?), almost surely,
when task durations are independently and uniformly distributed on [0, 1]. In addition, total flow time is
minimized if the tasks on each processor are sequenced in nondecreasing order of their processing times.

Key words. makespan scheduling, probabilistic algorithm analysis

AMS(MOS) subject classifications. 68C, 05Q, 68Q

1. Introduction. The parallel processor scheduling problem requires the assign-
ment of n tasks to k identical processors so as to minimize the largest task finishing
time (makespan). Many studies have evaluated the worst-case performance and
asymptotic probabilistic performance of several heuristic methods. (See [3] for a survey
of much of the research on this problem.) The recent widespread interest in very-large-
scale integrated (VLSI) chips and flexible manufacturing systems (FMS) has focused
attention on incorporating additional constraints into the scheduling problem.
Specifically, it is important to balance the number of tasks assigned to the various
production modules. For example, in the allocation of component types to machines
that manufacture VLSI chips, it is important to keep the same number of component
types on each machine because of the limited number of feeder locations (Ball and
Magazine [1]). Another example is the assignment of tools to machines in flexible
manufacturing systems (Tsai [10]), where, because of the capacity constraints of tool
magazines, the objective is to minimize the largest sum of tool processing times assigned
to any given machine while keeping the numbers of tools assigned among machines
balanced.

Let the work difference of a schedule be the difference in the total processing times
and the cardinality difference be the difference in the number of tasks assigned to
processors. A schedule’s work difference is an upper bound of its difference from the
optimal makespan. In a cardinality-balanced schedule, the number of tasks assigned
to each processor is either |n/k| or [n/k]. Several probabilistic analyses of heuristic
algorithms have been conducted for the makespan problem without cardinality balance.
Frenk and Rinnooy Kan [5] prove that the work difference achieved with the well-
known LPT (largest processing time first) is at most O(log n/n), almost surely, for
uniformly and exponentially distributed processing times. Karmarkar and Karp (K&K)
[6] developed the Differencing Method (DM) and proved that its work difference is
at most O(n~°'°#"), almost surely, when the density function is reasonably smooth. For
cardinality-balanced scheduling on two processors and uniformly distributed process-
ing times, Lueker [7] proves that the pairing differencing method (PDM), a simpler
and more natural version of DM, results in an expected work difference of ©(n™").

* Received by the editors November 20, 1989; accepted for publication (in revised form) April 9, 1991.
' Department of Decision and Information Sciences, University of Florida, Gainesville, Florida 32611-
2017 (TSAI@ NERVM. BITNET).
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Coffman, Frederickson, and Lueker [2] developed a restricted largest first (RLF)
algorithm that assigns pairs of tasks in nondecreasing order of the larger processing
time of a pair. The expected work difference of RLF is equal to ©(1/n). This paper
presents an algorithm, called restricted largest difference (RLD), for two-processor
scheduling with cardinality balance. The work difference of RLD is equal to
O(log n/n?), almost surely, which is an improvement over LPT, PDM, and RLF in
the asymptotic regime. Like RLF, RLD also minimizes total flow time when tasks
assigned to each processor are sequenced in nondecreasing order of their processing
times—called SPT (shortest processing time) order in the remainder of this paper.

The RLD algorithm is described in § 2. In § 3 we prove that the work difference
achieved by RLD is bounded by O (log n/n?), almost surely, and that by reordering
tasks on each processor in SPT order the minimal flow time is achieved.

2. An algorithm for systems with two processors. In the RLD algorithm, tasks are
sorted in nonincreasing order of their processing times and then consecutive tasks are
paired up. A dummy task with zero processing time is added if the number of tasks
is odd. The pairs of tasks are sorted in nonincreasing order of their differences in
processing times and are then assigned, one pair at a time, in that order. The larger
task of a pair is assigned to the processor with less cumulative processing time and
the smaller task is assigned to the other.

Let Wi_, and W7_, denote the cumulative processing times on two processors
before the ith pair of tasks, with processing times {x!, x7}, is assigned. Without loss
of generality, we may assume W!_, = W7_, and x| = x7; then x7 is assigned to the first
processor and x! to the second.

Letd,_,= W2 ,—W._,,dy= Wi= W,=0,and §; = x? — x!. The following equation
verifies that the difference between cumulative processing times after the assignment
of a pair of tasks is equal to the difference between d;_, and §;:

|( W%—l +x})_(W3—l+x?)| = |(W?—1 - Wl!—l)_(x?—x}”

1
( ) =|d,'_1_8,‘|.

When n is an even number the algorithm will assign n/2 tasks to each processor. When
n is an odd number there will be |n/2] and [n/2] tasks assigned to the two processors.
The algorithm is as follows.

ALGORITHM RLD

Step 1. Sort the tasks’ processing times such that X ={x;, X2), " *, X}, Where
X(1) = X(2) Zc o= X(n) -

Step 2. If n is an odd number, add a dummy task x(,.,, with processing time equal
to zero.

Step 3. Form pairs of tasks from the largest to the smallest. Each pair of tasks consists
of a couplet {xpzi_1y, X2}, i=1,2,+ -+, [n/2].

Step 4. Assign pairs of tasks in nonincreasing order of their differences.
Let &; = xi-1)—X@i, i=1,2,+ -+, [n/2].
(1) Sort 8; in nonincreasing order. Let o; be the index of the jth largest §;’s;

that is,

85 =0,,Z -+ 290

2 Trn/21"
(2) Fori=1,2,---,[n/2],
assign {X@o,—1), X0, to different processors. Assign X.,,-1) to the pro-
cessor with the smaller cumulative processing time and x,,, to the other.
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The following example illustrates the algorithm for the case of n=7 tasks with
processing times 20, 16, 14, 7, 6, 4, and 3.

Since n is an odd number, a dummy task xg, with processing time equal to zero
is added. The pairs formed in Step 3 are:

{20, 16}, {14, 7}, {6, 4}, {3, 0}.

Hence, 6] =4, 82=7, 83=2, 84=3,and o =2, g, = 1, g3 =/4, 0'4:3. SinCe 0'2<0'1 <0'4<
o3, pairs of tasks are assigned to the two processors in the following order:

{14, 7}, {20, 16}, {3, 0}, {6, 4}.

The larger task in each pair is assigned to the processor with the smaller cumulative
processing time. Suppose 14 is assigned to the first processor; then 7 will be assigned
to the second. Since 7 <14, 20 will now be assigned to the second processor and 16
to the first; this continues, with 4 being the last assignment, as shown in the following
Gantt charts.

Processor 1: 0
"4

14 16 6
0 14 30 36

Processor 2:

7 20 3 4
0 7 27 30 34

To minimize the total flow time, tasks on each processor are rearranged in SPT
order. The Gantt chart below shows the sequence on each processor:

Processor 1:

6 14 16
0 6 20 36

Processor 2:

3 4 7 20
0 3 7 14 34
The total flow time of the seven tasks is 6 +20+36+3+7+14+34 =120.

3. Proof of asymptotic error bound. The asymptotic analysis of RLD gives an
estimate of the convergence rate of work difference. First, we will show that the work
difference between two processors is at least twice the difference of the optimal and
the heuristic makespans. Second, we show that the work difference is bounded by
O(log n/n?), almost surely, with uniformly distributed processing times. We use the
following notation:

M(X): the makespan of the heuristic algorithm for input data X.

m(X): the smaller cumulative processing time for input data X.

D(X): the difference between the larger and smaller cumulative processing times

for input data X, i.e., D(X)=M(X)—-m(X).
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OPT(X): the minimum makespan for input data X,
We show that the difference between M (X) and OPT(X) is less than 3D(X), as follows:

M(X)~OPT(X)= M(X)~- ¥ x/2=M(x) —%[M(X)+ m(X)]
@) 1 1
=§[M(X) -m(X)] =5D(X)-

Applying the above inequality to the example in § 2, we see that the difference between
the optimal and heuristic makespans is at most 3(36-34) = 1.

To show that the difference between the optimal and heuristic makespans is
bounded by O(logn/n®), almost surely, we prove that D(X) is bounded by
O(log n/n?), almost surely, when the processing times are independently and identi-
cally distributed (i.i.d.) random variables from the uniform distribution on [0, 1]. In
Step 3 of RLD, §;’s are the differences between successive order statistics of a sample
of n i.i.d. uniform random variables. The following lemma, derived from Pyke [8],
shows that each §; is distributed as the ratio of an exponential random variable to the
sum of n+1 i.i.d. exponential variables.

LeEMMA 1 (8’s as uniform spacing). Let y,,y,," -, Yot be iid. exponential
random variables with mean 1. Let S =y, + y,+- - -+ y,.; then §; is distributed as y,;/ S.

Proof. In [8,§ 4.1], it is proved that 1—2x.), X1)— X2), X2) = X3y, * * * » Xy — 0 are
distributed as y,/S, y2/ S, y3/ S, -+, Yu+1/ S. Since 8; = X2i_1) — X21, 6; is distributed as
V2i/S. d

The work difference, obtained by implementing the RLD algorithm using the x;)’s
as inputs, behaves like the difference between cumulative processing times obtained
by implementing the LPT algorithm using the §,’s as inputs. Let Dg; p(X) and Dy pr(X)
be the resulting work differences for input data X, as determined by the RLD and
LPT algorithms, respectively.

LEMMA 2. Dy p(X)= D pr(6).

Proof. The LPT algorithm will assign §;’s in nonincreasing order of their weights,
i.e., in the order §,,, 8,,," * -, 85,0+ Let d; be the difference of cumulative processing
times on two processors after 8, is assigned. Since §,, is assigned to the processor
with the smaller cumulative processing time, d,=|d;_,—§,,|, i>1, and d,=§,,. Then
from (1), we can verify that d; is also the difference of cumulative processing times
after {X,,-1), X(20,)} are assigned to different processors by applying algorithm RLD
on the x;’s. Hence, Dy p1(8) = d},;21= Drip(X). 0

Let D, pr(Y) be the work difference achieved by the LPT algorithm with input
data y,, y2, " * , ¥in/27. By Theorem 3 of Frenk and Rinnooy Kan [5], if the processing
times are n i.i.d. exponential random variables, then the difference between the largest
and average processing times is bounded by O(log n/n), almost surely. In (2), we
showed that for systems with two processors, the work difference is twice the difference
between the largest and average total processing times. Hence, D, pr(Y) is bounded
by O(log n/n), almost surely.

THEOREM 1. Dy, p(X)= O(log n/n?), almost surely.

Proof. By Lemma 2, Dy, 5(X) = D, p1(5), and by Lemma 1, D, p1(8) is distributed
as Dypr(Y)/Y""] yi. Hence Dpyp(X) is distributed as Dy pr(Y)/Y ) ;. The strong
law of large numbers shows that

n+1

(3) lim ¥ y,/(n+1)=1, as.

n—>oo i=1
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From Theorem 3 of [5],

4) lim sup (n/log n) D, p(Y) <0, a.s.

n->o00

Applying Theorem 4.4. of Rudin' [9] to (3) and (4),

lim sup (n/log n) Dy pr( Y)/['E:1 y,-/(n+1)] <00, a.s.

n->00

Therefore,

n+1

lim D, pr(Y)/ ; y:=0(logn/n®), as.

n->oo

Finally, lim,_« Drip(X) = O(log n/n?), almost surely. [

To reduce the total flow time, we could execute the tasks on each processor in
SPT order. This reordering will not alter the work and cardinality differences, but it
will achieve the advantage of minimizing the total flow time.

THEOREM 2. After tasks are assigned according to the RLD algorithm, the total
Sflow time is minimized if tasks on each processor are executed in SPT order.

Proof. We show that the total flow time achieved by RLD followed by SPT is
equivalent to that achieved by another optimal algorithm (called CMM) for total flow
time, which was developed by Conway, Maxwell, and Miller [4]. The CMM algorithm
minimizes total flow time of n tasks on k identical processors. Though cardinality
balance is not an objective of CMM, it is achieved in the schedule derived by CMM.
For two processors, CMM first assigns each pair of tasks {xui_1), Xoi}, i=1,2,° -,
[n/2], to different processors. Tasks on each processor are then executed in SPT order.
Total flow time can be expressed as a weighted sum of processing times. The weight
of a task’s processing time is equal to one plus the number of tasks that are executed
after it on the same processor. If tasks are executed in SPT order, the weight is also
equal to one plus the number of tasks with larger processing times that are assigned
to the same processor. Therefore, for both CMM and RLD followed by SPT, i is the
weight of X,y and Xy, i=1,2,-- -, [n/2]. Hence they have the same total flow
time. 0
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CONDITIONS FOR
UNIQUE GRAPH REALIZATIONS*

BRUCE HENDRICKSON'

Abstract. The graph realization problem is that of computing the relative locations of a set of
vertices placed in Euclidean space, relying only upon some set of inter-vertex distance measurements.
This paper is concerned with the closely related problem of determining whether or not a graph has a
unique realization. Both these problems are NP-hard, but the proofs rely upon special combinations
of edge lengths. If one assumes the vertex locations are unrelated, then the uniqueness question can
be approached from a purely graph theoretic angle that ignores edge lengths. This paper identifies
three necessary graph theoretic conditions for a graph to have a unique realization in any dimension.
Efficient sequential and NC algorithms are presented for each condition, although these algorithms
have very different flavors in different dimensions.

Key words. graph embeddings, graph realizations, graph algorithms, rigid graphs, connectivity

AMS(MOS) subject classifications. 05C10, 05C85

1. Introduction. Consider a graph G = (V, E) consisting of a set of n vertices
and m edges, along with a real number associated with each edge. Now try to assign
coordinates to each vertex so that the Euclidean distance between any two adjacent
vertices is equal to the number associated with that edge. This is the graph realization
problem. It appears in situations where one needs to know the locations of various
objects, but can only measure the distances between pairs of them. Surveying and
satellite ranging are among the more obvious problems that can be expressed in this
form [27], [39]. A less obvious but potentially more important application has to
do with determining molecular conformations. It is possible to analyze the nuclear
magnetic resonance spectra of a molecule to obtain pairwise interatomic distance
information [13]. Solving the graph realization problem in this context would allow
us to determine the three-dimensional shape of the molecule, which is important in
understanding the molecule’s properties.

Unfortunately, the graph realization problem is known to be difficult. Saxe has
shown it to be strongly NP-complete in one dimension and strongly NP-hard for
higher dimensions [35]. In practice, this means that we are unlikely to find an efficient
general algorithm to solve it. However, the graphs and edge lengths that Saxe uses
in his proofs are very special and are highly unlikely to occur in practical problems.

This paper will address a closely related problem: when does the graph realiza-
tion problem have a unique solution? (For our purposes, translations, rotations, and
reflections of the entire space are not considered to be different realizations.) Clearly,
if the location of a satellite or an atom is to be determined unambiguously the solution
to the realization problem must be unique.

Saxe has shown this uniqueness problem to be as hard as the original realization
problem, but again his proofs rely on very special graphs. In particular, he needs
special combinations of edge lengths, implying specific algebraic relations among the
coordinates of the vertices. This paper will address the more typical behavior of
graphs.

* Received by the editors October 1, 1990; accepted for publication (in revised form) March 6,
1991. This research was performed while the author was at Cornell University and supported by a
fellowship from the Fannie and John Hertz Foundation.

T Mathematics and Computational Science Department, Sandia National Laboratories, Albu-
querque, New Mexico 87185.
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A realization of a graph G is a function p that maps the vertices of G to points in
Euclidean space. The combination of a graph and a realization is called a framework
and is denoted by p(G). A realization is satisfying if all the pairwise distance con-
straints are satisfied. Consider a set S with nonzero measure. A subset 7 of S is said
to contain almost all of S if the complement of T, {g € S|q & T}, has measure zero. A
realization is said to be generic if the vertex coordinates are algebraically independent
over the rationals. This computationally unrealistic requirement is actually stronger
than we truly need. We just have to avoid several specific algebraic dependencies.
However, the set of generic realizations is dense in the space of all realizations, and
almost all realizations are generic.

Restricting ourselves to generic realizations will greatly simplify our analysis. It
will allow us to ignore the edge distances and base our analysis solely on the underlying
graph. The results we develop will apply to graphs in almost all realizations. However,
nongeneric realizations might have different properties.

How can a framework have multiple realizations? There are several distinct man-
ners in which nonuniqueness can appear. First, the framework can be susceptible to
continuous deformations, like the one in Fig. 1. The rightmost vertex in this graph

FiG. 1. A flexible framework in two dimensions.

can pivot freely since it is underconstrained. A framework that can be continuously
deformed while still satisfying all the constraints is said to be flexible; otherwise it is
rigid. Even a rigid framework can suffer from nonuniqueness. The rigid framework in
Fig. 2 has two realizations in the plane. One half of the graph can reflect across the

Fi1G. 2. A graph with two realizations in the plane.

central two vertices. Continuous deformations and graph rigidity will be discussed in
§2. Although graph rigidity is a well-studied problem, the connections to the graph
realization problem have not been well explored. Discontinuous transformations like
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reflections will be covered in §§3 and 4. The definition of redundant rigidity in §4 and
its importance in this context is entirely new.

The graph realization problem can be posed in any dimension. Clearly, the most
practically interesting dimensions are two and three. Where possible, this paper will
present the most general results. However, there are some substantial theoretical
differences between two-space and three-space that will be elucidated in §2. These
will lead to completely different algorithms for these different dimensions.

2. Graph rigidity. A graph that has a unique realization cannot be susceptible
to continuous flexings. It must be rigid. Questions about the rigidity of graphs have
occupied mathematicians for centuries. More recently, structural engineers have been
drawn to the problem because of novel building architectures like geodesic domes.
The framework of a building can be thought of as a set of rigid rods, joined at their
endpoints. One can consider the endpoints to be vertices of a graph and the rods to be
edges of a fixed length. For the building to bear weight, the corresponding framework
must be rigid. For an old problem with an easy description, the characterization
of rigid graphs has proved to be difficult, and many important questions remain
unanswered.

Section 2.1 will develop the essentials of rigidity theory, stressing the importance
of the rigidity matrix. A more complete discussion can be found in some of the
references (2], [3], [33], [11]. Section 2.2 will present sequential and parallel algorithms
for rigidity testing.

2.1. Basic concepts. A mathematical analysis of rigidity requires a formal defi-
nition of our intuitive notion of a flexible framework. Everything in this section occurs
in an arbitrary Euclidean dimension d.

A finite flezing of a framework p(G) is a family of realizations of G, parameterized
by t so that the location of each vertex i is a differentiable function of ¢ and (p; () —
p;(t))? = constant for every (i, ) € E. Thinking of ¢ as time, and differentiating the
edge length constraints we find that

(1) (vi —vj;) - (pi — pj) =0 forevery (i,j) € E,

where v; is the instantaneous velocity of vertex i. An assignment of velocities that
satisfies (1) for a particular framework is an infinitesimal motion of that framework.
Clearly, the existence of a finite flexing implies an infinitesimal motion, but the con-
verse is not always true. However, for generic realizations infinitesimal motions always
correspond to finite flexings [33].

The infinitesimal motions of a framework constitute a vector space. Note that a
motion of the Euclidean space itself, a rotation or translation, satisfies the definition
of a finite flexing. Such finite flexings are said to be trivial. In d-space there are d
independent translations and d(d — 1)/2 rotations. If a framework has a nontrivial
infinitesimal motion, it is infinitesimally flexible. Otherwise it is infinitesimally rigid.
As noted above, for generic realizations infinitesimal motions correspond to finite
flexings. Since we are considering only generic realizations we will drop the prefix and
refer to frameworks as either rigid or flexible.

We would like to be able to determine whether a particular framework is rigid or
flexible. Conveniently, this is substantially a property of the underlying graph, as the
following theorem indicates [18].

THEOREM 2.1 (Gluck). If a graph has a single infinitesimally rigid realization,
then all its generic realizations are rigid.
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This theorem is critical for a graph theoretic approach to the realization problem.
The frameworks built from a graph are either all infinitesimally flexible or almost all
rigid. This allows for the characterization of graphs as either rigid or flexible according
to the typical behavior of a framework, without reference to a specific realization. It
also allows us to be somewhat cavalier in the distinction between rigid frameworks
and graphs that have rigid realizations. Henceforth such graphs will be referred to as
rigid graphs.

How can a rigid graph be recognized? Clearly, graphs with many edges are
more likely to be rigid than those with only a few. In some sense the edges are
constraining the possible movements of the vertices. In d-space a set of n vertices
has nd possible independent motions. However, a d-dimensional rigid body in d-space
has d translations and d(d — 1)/2 rotations. (If the body has dimension d' < d then
it has only d'(2d — d' — 1)/2 rotations. This corresponds to a framework with only
d’ + 1 vertices.) The total number of allowed motions is the number of total degrees
of freedom, nd, minus the number of rigid body motions. For convenience, we will
call this quantity S(n, d), where

_J nd-d(d+1)/2 ifn>d,
S(n,d) = { n(n -1)/2 otherwise.

If each edge adds an independent constraint, then S(n, d) edges should be required to
eliminate all nonrigid motions of the graph. This intuition is sound, as the theorems
in this section will demonstrate.

Any realization of a flexible graph has a nontrivial infinitesimal motion. An
infinitesimal motion is a solution for velocities in (1). The matrix of this set of
equations is the rigidity matriz. It has m rows and nd columns. Each row corresponds
to an edge while each column corresponds to a coordinate of a vertex. Each row
has 2d nonzero elements, one for each coordinate of the vertices connected by the
corresponding edge. The nonzero values are the differences in the coordinate values
for the two vertices. For example, consider the graph K3, the complete graph on
three vertices, positioned in IR%. If the realization maps the vertices to locations
(0,1), (—1,0), and (1, 0), the rigidity matrix would be:

T Y
v U

€12 1 1 -1 -1 0 0
€1,3 -1 1 0 0 1 -1 .
€2,3 0 0 -2 0 2 0

Y

1}2 T Y

X
vy Us

V3

The rank of the rigidity matrix is closely related to the rigidity behavior of the
framework, as this section will elucidate.

THEOREM 2.2. A framework p(G) is rigid if and only if its rigidity matriz has
rank ezactly equal to S(n,d).

Proof. All infinitesimal motions must be in the null space of M since the rigid-
ity matrix expresses all constraints on the infinitesimal velocities. By construction,
S(n,d) is the size of the rigidity matrix minus the number of trivial infinitesimal mo-
tions. If the null space of M contains any nontrivial infinitesimal motions, then the
rank must be less than S(n,d). o

So the question of whether a framework is flexible can be reduced to a question
about the rank of the rigidity matrix. The framework is rigid if and only if the rank
of the rigidity matrix is maximal, S(n,d).
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THEOREM 2.3. Every rigid framework p(G) has a rigid subframework with exactly
S(n,d) edges.

Proof. The rigidity matrix has rank S(n,d) and each of its rows corresponds to
an edge. Simply discard redundant rows and the corresponding edges until only S
remain. 0

COROLLARY 2.4. For a framework p(G), if m > S(n,d), then there is linear
dependence among the rows of the rigidity matriz.

Proof. The maximum rank of the rigidity matrix is S(n, d). 0

Dependence among rows in the rigidity matrix can be expressed in terms of a
matroid [30], [15]. For our purposes it will be sufficient to say that a set of edges is
independent if their rows in the rigidity matrix are linearly independent in a generic
realization. A rigid graph has S(n,d) independent edges.

THEOREM 2.5. If a framework p(G) with ezactly S(n,d) edges is rigid, then there
is no subgraph G' = (V', E') with more than S(n’,d) edges, where n' = |V'|.

Proof. Since there are only S(n, d) edges, their rows in the rigidity matrix must all
be independent by Theorem 2.3. But if G’ has |E’| > S(n/,d), then by Corollary 2.4
there must be linear dependence among these edges, which is a contradiction. 0

Theorems 2.3 and 2.5 say that a rigid graph with n vertices must have a set of
S(n,d) well-distributed edges, where well-distributed means that no subgraph with n’
vertices has more than S(n/, d) edges. This requirement is often referred to as Laman’s
condition after Laman [28], who first articulated the two-dimensional version. This
condition is necessary for a graph to be rigid in any dimension. It is sufficient in one
dimension where S = n — 1. It is straightforward to show that this is equivalent to
requiring the graph to be connected. Laman was able to show that it is also sufficient
in two dimensions where S = 2n — 3.

THEOREM 2.6 (Laman). The edges of a graph G = (V, E) are independent in two
dimensions if and only if no subgraph G' = (V', E’) has more than 2n’ — 3 edges.

COROLLARY 2.7. A graph with 2n — 3 edges is rigid in two dimensions if and
only if no subgraph G’ has more than 2n’ — 3 edges.

This was the first graph theoretic characterization of rigid graphs in two-space.
Several equivalent characterizations have since been discovered [36], [24], [30], [37],
[12].

Unfortunately, for all its intuitive appeal Laman’s condition is not sufficient in
higher dimensions. A three-dimensional counterexample is depicted in Fig. 3. Al-
though this graph has the required 18 well-distributed edges, it is still flexible. The
top and bottom halves can pivot about the left- and right-most vertices.

The problem with Fig. 3 is that its edges are not independent in the sense of
Theorem 2.2. The rows of the rigidity matrix are linearly dependent. Expressing
this independence graph theoretically has proved to be a very difficult problem. No
general characterization of rigid graphs in three dimensions is known, although the
problem has been considered by many researchers, and several special cases have been
solved. Cauchy proved that triangulated planar graphs (those with all 3n — 6 edges)
are generically rigid in three-space [6]. Fogelsanger recently generalized this result
to include complete triangulations of any two-manifold in three-space [14]. Another
class known to be rigid is complete bipartite graphs with at least five vertices in each
vertex set (5], [38]. However, the characterization of general graphs remains open.

Recent work by Tay and Whiteley [37] has brought such a characterization almost
within reach. However, it is difficult to see how this possible solution could lead to
an efficient algorithm. Any straightforward implementation of their approach would
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Fic. 3. A flexible graph in three-space that satisfies Laman’s condition.

have a worst-case exponential time behavior.

2.2. Algorithms for rigidity testing. In one-space, rigidity is equivalent to
connectivity. There are simple connectivity algorithms that run in time proportional
to the number of edges in the graph [1].

2.2.1. Rigidity algorithms in two dimensions. In two dimensions Laman’s
condition characterizes rigidity, but in its original form it gives a poor algorithm.
It involves counting the edges in every subgraph, of which there are an exponential
number. Sugihara discovered the first polynomial time algorithm for determining
the independence of a set of edges in two dimensions [36]. Imai presented an O(n?)
algorithm for rigidity testing using a network flow approach [24]. This time complexity
was matched by Gabow and Westermann using matroid sums [15]. In this section we
will develop a new O(n?) algorithm based on bipartite matching. Besides any intrinsic
interest, this new algorithm will be needed in §4 when we need to test for a stronger
graph condition.

We will first need to introduce a particular bipartite graph B(G) generated by our
original graph G = (V, E). The bipartite graph has the edges of G as one of its vertex
sets, and two copies of the vertices of G for the other. Edges of B(G) connect the edges
of G with the two copies of their incident vertices. More formally, B(G) = (V1, V2, &),
where V1 = E, Vo = {Q%, q%a Tty ‘171”‘131.}’ and £ = {(6, qz‘l), (6, %2), (6, q;)a (6, Q?) :
e = (v;,v;) € E}. B(G) has 2n + m vertices and 4m edges, where n and m are,
respectively, the number of vertices and edges in G. A simple example of the corre-
spondence between G and B(Q) is presented in Fig. 4 for the graph K.

This bipartite graph leads to an alternate form of Laman’s condition, expressed
in the following theorem. As above, a set of edges is said to be independent if the
corresponding rows in the rigidity matrix are linearly independent in a generic real-
ization.

THEOREM 2.8. For a graph G = (V, E) the following are equivalent:

(A) The edges of G are independent in two dimensions;

(B) For each edge (a,b) in G, the graph G,y formed by adding three additional

edges between a and b has no subgraph G’ in which m' > 2n/;



UNIQUE GRAPH REALIZATIONS 71

n U1 U2 U3 v
2
€1 €2
Vi
V2 €3 Y3 e e, es
G B(G)

F1G. 4. The correspondence between G and B(G).

(C) For each edge (a,b), the bipartite graph B(Gap) generated by Gop has no

subset of Vi that is adjacent only to a smaller subset of V5.

(D) For each edge (a,b), the bipartite graph B(Ggp) generated by Gop has a

complete matching from Vi to Vs.

Proof. The equivalence of A and B is a restatement of Laman’s condition. The
equivalence of B and C is a straightforward consequence of the construction of B(G, ).
Property D is equivalent to C by Hall’s theorem from matching theory. Assertions C
and D were first discovered in a slightly different form by Sugihara [36]. 0

Our algorithm will be based upon the characterization in Theorem 2.8(D). The
basic idea is to grow a maximal set of independent edges one at a time. Denote
these basis edges by E. A new edge is added to the basis if it is discovered to be
independent of the existing set. If 2n — 3 independent edges are found, then the graph
is rigid. Determining whether a new edge is independent of the current basis can be
done quickly using the bipartite matching characterization.

Assume we have a (possibly empty) set of independent edges E. Combined with
the vertices of G' these form a graph G which generates a bipartite graph B(G)
Note that |E| = O(n) and so B(G) will have O(n) edges. We wish to determine if
another edge, e, is independent of E. Adding e to G produces G and B(G). By
characterization (D), e is independent of E if and only if there is a complete bipartite
matching in B after any edge in G is quadrupled. Actually, only e needs to be
quadrupled, as the following Lemma demonstrates.

LEMMA 2.9. If a complete matching exists when e is quadrupled, then e is inde-
pendent of E.

Proof. Assume the matching succeeds but e is not independent of E. Then there
must exist some edge in E whose quadrupling causes G’, a subgraph of G, to have
m' > 2n’ —3. Since the edges of E are independent, this bad subgraph must include e.
But this bad subgraph has the same number of edges it had when e was quadrupled.
Since the matching succeeded when e was quadrupled, we have a contradiction. O

Determining whether a new edge can be added to the set of independent edges
is now reduced to the problem of trying to enlarge a bipartite matching. This is
a standard problem in matching and it is performed by growing Hungarian trees
and looking for augmenting paths. The basic idea is to look for a path from an
unmatched vertex in V; to an unmatched vertex in V5 that alternates between edges
that are not in the current matching and edges that are. When such an augmenting
path is found the matching can be enlarged by changing the unmatched edges in
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the path to become matching edges, and vice versa. These paths can be found by
growing Hungarian trees from the unmatched vertices in V;. These trees grow along
the unmatched edges from the starting vertex to its neighbor set in Va. Matching
edges are followed back to V; and unmatched edges back to V5. If an unmatched
vertex in V3 is ever encountered, an augmenting path has been identified. Growing a
Hungarian tree takes time proportional to the number of edges in the bipartite graph

LEmMMA 2.10. If E is independent and a corresponding matching in B(G) is
known, then determining whether a new edge is independent requires O(n) time.

Proof. By Lemma 2.9, testing for independence of e requires just enlarging the
matching in B(G) to include the four copies of e. This involves growing four Hungarian
trees in a bipartite graph of size O(n). 0

This gives a two-dimensional rigidity testing algorithm that runs in time O(nm).
Build a maximal set of independent edges one at a time by testing each edge for
independence. Each test involves the enlargement of a bipartite matching requiring
O(n) time. If the matching succeeds, the edge is independent and is added to the
basis. Otherwise it is discarded.

To improve this to O(n?) we need to make use of failed matchings to eliminate
some edges from consideration. Define a Laman subgraph as a subgraph with n’
vertices and 2n’ — 3 independent edges. A matching will fail precisely when the
new edge lies in a subgraph that already has 2n’ — 3 independent edges. No edge
can be added between vertices in this subgraph, so it is a waste of time even to
try. By avoiding these unnecessary attempts, we can improve the performance of our
algorithm. To accomplish this we will need some further insight into the bipartite
matching.

THEOREM 2.11. In a bipartite graph (V1,V2,E), if a Hungarian tree fails to find
an alternating path, then it spans a minimal subgraph that violates Hall’s theorem.
That is, it identifies a minimal set of k vertices in Vi with fewer than k neighbors.

Proof. The proof is a simple consequence of Hall’s theorem. 0

LEMMA 2.12. If the new edge e is tripled instead of quadrupled, generating a
graph G from G, then B(G) has a complete matching.

Proof. Assume the contrary. Then there is some subgraph G’ of G with m’ > 2n/.
Remove the three copies of e from this subgraph and quadruple one of the other edges.
This altered subgraph still has m' > 2n/, but it is the graph generated by quadrupling
an edge in G. But since the edges of G are assumed to be independent, this is a
contradiction. 0

LEMMA 2.13. If edge e fails the matching test, then the failing Hungarian tree
spans a set of edges of E that form a Laman subgraph.

Proof. By Lemma 2.12, when e is quadrupled the first three copies of it can be
matched. By Theorem 2.11, when the fourth fails it spans a set of vertices of V;
adjacent to a smaller set from V;. Discarding the four copies of e leaves a set of k
elements of V; adjacent to no more then k + 3 vertices from V,. By the construction
of the bipartite graph this is a set E’ of k edges of E incident upon no more than
(k + 3)/2 vertices. That is, 7/ > 2n’ — 3. Since the edges of E are independent, we
must have equality. |

We will need the following result to analyze the running time of our algorithm.

LEMMA 2.14. Let G = (V, E‘) be a graph whose edges are independent. If two
Laman subgraphs of G share an edge, then their union is a Laman subgraph.

Proof. Let the subgraphs be (V’, E’) and (V", E") with union (V, E). Let m =
m/ +m/ —1 and # = n’ +n" — k. Since the subgraphs share at least one independent
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edge, | < 2k — 3. Hence,

m = 2n +2n" —-6-1
> 2n'+2n" —2k—3
= 2(n' +n" —k)-3
= 21 —3.
Since the edges are independent, we must have equality. O

We are now ready to present our algorithm. We will maintain the appropriate
bipartite graph with a matching of all the independent edges discovered so far. We
will also keep a collection of all the Laman subgraphs that have been identified,
represented as linked lists of independent edges. The algorithm is outlined in Fig. 5.

basis « ()
For Each vertex v
Mark each vertex in a Laman subgraph with v, and unmark all others
For Each edge (u,v)
If u is unmarked Then
If (u,v) is independent of basis Then
add (u,v) to basis
create Laman subgraph consisting of (u, v)
Else a new Laman subgraph has been identified
Merge all Laman subgraphs that share an edge
Mark each vertex in a Laman subgraph with v

FIG. 5. An O(n?) algorithm for two-dimensional graph rigidity.

By Lemma 2.14 we know that no edge need be in more than one subgraph.
By merging whenever a new Laman subgraph is found, we guarantee that the total
number of elements in all the subgraphs is kept to O(n). This ensures that the
marking and merging operations can be done in O(n) time. As above, checking for
independence of (u,v) requires O(n) time. Each time an edge is checked it results in
either a new basis edge or a merging of components, so this can only happen O(n)
times. Hence the total time for the algorithm is O(n?).

2.2.2. Rigidity algorithms in higher dimensions. For dimensions greater
than two there are no graph theoretic characterizations of rigidity, so there are no
good combinatoric algorithms to test for it. One approach would involve a symbolic
calculation of the rank of the rigidity matrix by symbolically constructing the deter-
minant. However, the determinant can have an exponential number of terms, so this
requires an exponential amount of time. A different approach is possible that relies
instead upon Theorem 2.1. Since this theorem is valid in all dimensions, the following
discussion is applicable to all spaces. If the graph is rigid, then almost any realization
will generate a rigid framework. Simply select a random realization for the graph.
Once these vertex locations are selected it is a straightforward matter to determine
the rigidity of the framework using Theorem 2.2. Just construct the rigidity matrix
M and determine its rank. If the rank is S(n,d), then the graph is rigid. A lower
rank indicates that the framework is flexible. Unless the selection of vertex coordi-
nates was extremely unlucky the underlying graph will be flexible as well. So even
without a graph theoretic characterization an efficient practical randomized algorithm
for rigidity exists.
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To determine the rank of M we suggest using a QR decomposition with column
pivoting, requiring O(mn?) time [19]. This is more numerically stable than Gaussian
elimination, but not as costly as a singular value decomposition. A QR factorization
has several advantages over an SVD in this application. Performing a QR on MT will
identify a maximal independent set of rows of M one at a time, corresponding to a
maximal set of independent edges in the graph. This ability to identify independent
rows will be needed in §4. Also, the rigidity matrix is quite sparse, having only 2d
nonzeros in each row. To save time and space, sparse techniques could be used for
large problems. There are sparse QR algorithms, but none for SVD [8], [16], [17].

There are also efficient parallel algorithms for finding the rank of a matrix. Ibarra,
Moran, and Rosier [23] discovered an algorithm that runs in O(log? m) time on O(m?)
processors. This means that rigidity testing is in random NC for any dimension. The
class NC is the set of problems that can be solved in polylogarithmic time using a
polynomial number of processors. It is a standard measure of a good parallel algorithm,
although its applicability is more theoretical than practical.

3. Partial reflections. Even rigid graphs can have multiple realizations as was
shown in Fig. 2. This discontinuous flavor of nonuniqueness has not been well studied,
probably because it is not relevant to structural engineers. Buildings can only deform
continuously. For the graph realization problem these discontinuous transformations
must be considered. This section and the next will be concerned with multiple real-
izations that do not arise from flexibility. These are cases in which there are two or
more noncongruent realizations that satisfy all the distance requirements, but there
is no continuous flexing of the framework to transform one to another while main-
taining the constraints. Whereas flexible graphs have an infinite number of potential
configurations, the number of realizations of a rigid graph is finite, although possibly
exponential in the size of the graph.

A two-dimensional example of the simplest type of discontinuous transformation
is depicted in Fig. 2. The right half of this graph is able to fold across the line formed
by the two middle vertices. When can this type of nonuniqueness occur? As in Fig. 2,
there must be a few vertices about which a portion of the graph can be reflected. These
vertices form a mirror. There must be no edges between the two halves of the graph
separated by this mirror. For the general d-dimensional problem, the mirror vertices
must lie in a (d — 1)-dimensional subspace. We will say that a framework in d-space
allows a partial reflection if a separating set of vertices lies in a (d — 1)-dimensional
subspace.

The realizations in which more than d vertices lie in a (d—1)-dimensional subspace
are not generic. So for almost all frameworks, partial reflections only occur when there
is a subset of d or fewer vertices whose removal separates the graph into two or more
unconnected pieces, that is, when G is not vertex (d + 1)-connected. This gives us
the following well-known result.

THEOREM 3.1. A rigid graph positioned generically in dimension d will have a
partial reflection if and only if it is not vertez (d + 1)-connected.

The connectivity of a graph is an important property, and it has been well studied.
There are well-known O(m) time algorithms for vertex two-connectivity, also known
as biconnectivity [1]. Avoiding partial reflections in two dimensions requires a vertex
three-connected (or triconnected) graph. Hopcroft and Tarjan [22] were the first to
discover an O(m) time algorithm to find triconnected components. Miller and Ra-
machandran [31] have recently proposed a parallel algorithm to identify triconnected
components in O(log? n) time with O(m) processors, placing triconnectivity in NC.
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Four-connected components are more difficult, but Kanevsky and Ramachandran
[25] have recently found an O(n?) time algorithm. They also discovered a parallel
implementation of their algorithm that runs in O(logn) time using O(n?) processors.
So the problem of partial reflections is in NC in both two and three dimensions.

For k greater than 4, the question of k-connectivity for a general k is less well
understood. Consequently the partial reflection problem is more difficult in spaces
of dimension greater than three. There are randomized algorithms for general k-
connectivity that run in time proportional to n%/2 [4], [29]. Recently, Cheriyan and
Thurimella have described an algorithm with a time complexity of O(k®n?), which

reduces to O(n?) for a fixed k [7]. There are also NC algorithms that run in time
O(k?logn) [26].

4. Redundant rigidity. Rigidity and (d+1)-connectivity are necessary but not
sufficient to ensure that a graph has a unique realization. A two-dimensional example
of a rigid, triconnected graph with two satisfying realizations is given in Fig. 6.

b C b
M |
\ ,

F1G. 6. Two realizations of a rigid triconnected graph in the plane.

To understand this nonuniqueness, consider Fig. 7. Edge (a, f) has been removed
from the original graph. This resultant graph is now composed of a quadrilateral bede
with two attached triangles abe and cdf. The quadrilateral is not rigid, so this new
graph can flex. The flexing will lift vertex d up until it crosses the line between ¢ and
e as depicted in the center picture of Fig. 7. Eventually vertex ¢ can swing all the
way around to the right. As the graph moves, the distance between vertices a and f
varies. When vertex ¢ swings far enough around, this distance becomes the same as
it was originally, as shown in the rightmost picture of Fig. 7. Now the missing edge
can be replaced to yield a new satisfying realization.

The fundamental problem with the graph in Fig. 6 is that the removal of a single
edge makes it flexible. We will define an edge of a framework to be infinitesimally
redundant if the framework remaining after its removal is infinitesimally rigid. A
framework is infinitesimally redundantly rigid if all its edges are infinitesimally re-
dundant. Redundant bracing is a familiar concept to engineers who wish to build
frameworks with additional strength and failure tolerance properties, but this precise
formulation and its significance with regards to the unique realization problem are
entirely new.

Infinitesimal redundant rigidity is clearly a more restrictive property than in-
finitesimal rigidity, but the two properties have many similarities. For generic real-
izations infinitesimal motions always correspond to finite flexings. So as with rigidity,
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d

F1G. 7. Intermediate stages in the construction of Fig. 6.

since we are only interested in generic realizations we can drop the prefix and refer
to frameworks as redundantly rigid. The following theorem is a trivial consequence
of Theorem 2.1.

THEOREM 4.1. If a graph has a single infinitesimally redundantly rigid realiza-
tion, then all its generic realizations are redundantly rigid.

As with Theorem 2.1 for rigid graphs, Theorem 4.1 says that either none of a
graph’s realizations are redundantly rigid, or almost all of them are. Almost all again
means that the set of counterexamples has measure zero. This blurs the distinc-
tion between a redundantly rigid framework and its underlying graph. Graphs with
redundantly rigid realizations will be referred to as redundantly rigid graphs.

In Fig. 6 the lack of redundant rigidity led to multiple realizations. This is usually
true, and the proof will be the main result of this section. Intuitively, a flexible
framework can move around, but it must always end up back where it started. That
is, the path it traces in nd-space will be a loop. If the removal of an edge allows the
graph to flex, then the distance corresponding to that edge must be a multivalued
function as the flexing completes its loop. However, there are some graphs for which
this argument fails. Consider the triangle graph K3. It has only one realization, but
if an edge is removed it becomes flexible. To understand which graphs need to be
redundantly rigid to have unique realizations, we will need to carefully investigate the
space of satisfying realizations for flexible graphs. This will require an incursion into
differential topology, and is the subject of the next section.

5. The necessity of redundant rigidity. The proof that flexible graphs typ-
ically move in closed loops will rely upon some special properties of the graph re-
alization problem. Given a framework p(G) there is a pairwise distance function
q: R™ — R™" /2 that maps vertex locations to squares of all the pairwise vertex
distances. That is,

a(p(vr), -+ p(vn)) = (-, Ip(vi) = p(vy) %, ).
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For the molecule problem, we are only interested in a specific set of pairwise distances,
namely, those corresponding to the edges of G. These can be obtained from R™"~1)/2
by a simple projection w. We will define an edge function f to be the composition
of these two operations, f = w o q. These functions are described by the following
commutative diagram.

P f

y———=> R™ > R™

o~ A

Rn(n—l)/2

The functions f and ¢ have many nice properties. We will say a function is smooth
at a point z if it has continuous partial derivatives of all orders at z. The functions
f and q are everywhere smooth. Also, the Jacobian of f is twice the rigidity matrix
introduced in §2.1.

The realization problem is really that of finding the inverse of the edge func-
tion. Of course, this inverse is multivalued because edge lengths are invariant under
translations, rotations, and reflections of the entire space. Two realizations will be
considered equivalent if all pairwise distances between vertices are the same under the
two realizations. That is, two realizations are equivalent if they map to the same point
under q. We will be interested only in the inverse of f modulo equivalences. More
formally, define the realization set of p(G) to be 7! f(p(G)), the set of nonequivalent,
satisfying realizations for the graph realization problem generated by p(G). For p(G)
to be a unique solution to the realization problem it is necessary and sufficient that
this realization set consist of a single point. Our goal in this section is to investigate
the structure of the realization set. Our first result is the following theorem.

THEOREM 5.1. If a graph G is connected, then the realization set of p(G) is
compact.

Proof. The realization set is a subset of R™™1/2_ Tt is bounded since the graph
is connected, and it is trivially closed. 0

Although every point in R™ corresponds to a realization, the image of R™® under
q does not cover R™"™1/2 Define this image to be a space W C R™"™ /2, The
space W has a natural topology and measure inherited from the larger Euclidean
space. For technical reasons we will restrict our consideration of realizations to those
in which not all the vertices lie in a hyperplane. Call this subset of realizations T.
The space T is a dense, open subset of IR™. Define X to be the subset of points in
W that are images of points in T under q. If the graph has d or fewer vertices, then
X is empty. Otherwise, X is a dense, open subset of W, with a nice structure, as we
will see shortly. Define Z to be the image of X under 7. This gives us the following
structure.
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We will need the following notation from differential topology. Say the largest
rank the Jacobian of a function g : A — B attains in its domain is k. A point z € A is
called a regular point if the Jacobian of g at = has rank k. A point y € B is a regular
value if every point in the preimage of y under g is a regular point. If a point or value
is not regular, it is singular. Note that for the edge function singular points are not
generic. A j-dimensional manifold is a subset of some large Euclidean space that is
everywhere locally diffeomorphic to RY.

Consider the following procedure for identifying equivalent realizations, which is
defined for any realization in T'. Select a set of d + 1 vertices from p(G) whose affine
span is all of R®. Translate the realization so that the first of these vertices is at the
origin. Next rotate about the origin to move the second of these vertices onto the
positive z; axis. Now rotate, keeping the first two vertices fixed, to move the third to
the (z1, z2) plane so that the 2 coordinate is positive. Continuing this process in the
obvious way gives a smooth mapping that makes d(d+ 1)/2 of the vertex coordinates
zero. Finally, if the d + 1st vertex has its d + 1st coordinate less than zero, reflect the
vertices through the hyperplane defined by the zi,---,z4_1 axes.

This procedure maps all equivalent realizations to a single one. This single re-
alization can be described by its remaining variable coordinates, of which there are
nd — d(d + 1)/2. Since each of these remaining coordinates can vary continuously,
the realization can be considered to be a point in R™~4d+1)/2  This defines a coor-
dinate chart for X. Note that the sequence of operations performed on the original
realization is smooth and invertible. If a different set of d + 1 initial vertices was
selected, a different coordinate chart would have been generated. Since these coor-
dinate transformations are smooth and invertible, on regions of intersection the two
charts are diffeomorphic. The union of all such charts gives a differentiable structure
to our space X. This construction provides a diffeomorphism between each open set
of a collection that covers X and R™~%4+1)/2 giving us the following theorem.

THEOREM 5.2. If the graph has at least d + 1 vertices, then X is a smooth
manifold of dimension nd — d(d+ 1)/2.

The dimension of this manifold is a quantity that will come up frequently, so it
will be convenient to reintroduce the following notation: S(n,d) = nd — d(d + 1)/2.
This function was first defined in §2.1 as the maximal rank of the rigidity matrix of
a graph with n vertices positioned in d-space.

The procedure described above gives us an alternate way in which to view the
space X. The sequence of translations, rotations, and reflections constitute a function
G that maps an entire set of equivalent realizations to a single one. The remaining
variable coordinates uniquely define a point in X. Considering these to be the inde-
pendent variables, the mapping from X to Z becomes more complicated than a simple
projection. We will define this function to be f, giving us the following commutative
diagram.

y—r—>1T L
X

This function f is closely related to the edge function f. In fact, f is everywhere
smooth in X, and the rank of the Jacobian of f(z) is the same as that of f(g(z)). So
the singular values of f are the same as the singular values of f(g). If we designate the
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number of independent edges of G by k, then the rank of these Jacobians is almost
always k. The following is a special case of a well-known theorem due to Sard [34].

THEOREM 5.3 (Sard). The set of singular values of f has k-measure zero.

LEMMA 5.4. If Z' is a subset of Z with k-measure zero, then for almost all
realizations p, f(p) & Z'.

Proof. The singular points of f constitute an algebraic variety in R™ with di-
mension less than nd. Hence, the regular points of f can be covered by a countable
number of open neighborhoods in such a way that the rank of the Jacobian of f is
maximal within each neighborhood. Consider one of these neighborhoods R, and let
its image under f be Z. By the implicit function theorem from analysis, there is
a submersion from R to Z. That is, on this neighborhood f is diffeomorphic to a
projection from IR™ to IR¥. Since Z’ has k-measure zero its inverse image under this
submersion must have (nd)-measure zero in R. The countable union of these sets of
(nd)-measure zero yields a preimage for Z’' with (nd)-measure zero. 0

These last two results imply the following theorem.

THEOREM 5.5. For almost every realization p, f(p) is a regular value.

All this has been leading up to the following crucial result.

THEOREM 5.6. For almost every realization p, the realization set of p(G) re-
stricted to X is a manifold.

Proof. Almost all realizations map to regular values of f and hence of f(g). The
preimage of a regular value is a submanifold of X by the implicit function theorem
from differential topology [20]. 0

If the graph is flexible, then this manifold describes the allowed flexings. At any
point in the manifold, the tangent space is exactly the null space of the Jacobian
of f. To show that flexings typically move in closed loops (actually, one-manifolds
diffeomorphic to the circle), we will need the flexings to remain entirely in our manifold
X. This can be ensured if the graph has enough independent edges. Enough means
more than can be independent in a lower-dimensional space, as the following theorem
demonstrates.

THEOREM 5.7. If G has more than S(n,d—1) independent edges, then for almost
all realizations p(G), the realization set of p(G) stays within X.

Proof. Assume the theorem is false. By the definition of X this means that the
realization set must include a point at which all the vertices lie in a (d—1)-dimensional
hyperplane. When this happens the edges can only constrain infinitesimal motions
within the hyperplane. The rows of the rigidity matrix describe these infinitesimal
constraints, so when the vertices lie in a hyperplane the rank of the rigidity matrix
can be no larger than S(n,d — 1). Since there are more than S(n,d — 1) independent
edges, this implies that f(p(G)) is a singular value, but by Theorem 5.5 this cannot
be the case for almost all realizations. 0

We can finally prove that flexings typically move in closed loops.

THEOREM 5.8. If a graph G is connected, flexible, and has more than d + 1
vertices, then for almost all realizations p(G) the realization set of p(G) contains a
submanifold that is diffeomorphic to the circle.

Proof. Generate a new graph G’ from G by arbitrarily adding additional edges
until G’ has S(n,d) — 1 independent edges. The realization set of p(G') must be a
subset of the realization set of p(G). Since n > d + 1, it is easy to show that the
number of independent edges is now greater than S(n,d — 1). By Theorems 5.6 and
5.1 we know that for almost all realizations the realization set of p(G’) is a compact
manifold of dimension one. It is a well-known result from differential topology that
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such manifolds are diffeomorphic to the circle. 1]

This finally leads us to the main result of this section.

THEOREM 5.9. If G is not redundantly rigid and G has more than d+ 1 vertices,
then almost all realizations of G are not unique.

Proof. Assume the only interesting case, that G is rigid. Then the graph G must
have S(n,d) independent edges, and there is some edge e;; of G whose removal gener-
ates a flexible graph G’. By Theorem 5.8, for almost all realizations p the realization
set of p(G’) contains a submanifold diffeomorphic to the circle. The distance between
vertices ¢ and j will be a multivalued function for almost every point on this cir-
cle. The only distances that might not be multivalued are the extremal ones. When
a flexing reaches a realization that induces an extremal value between ¢ and j, the
derivative of df,j is zero in the direction of the flex. In this case the realization is not
generic [32]. So almost all realizations do not induce extremal edge lengths. 0

Theorem 5.9 means that the example in Fig. 6 was not a fluke. Redundant rigidity
is a necessary condition for unique realizability.

5.1. Algorithms for redundant rigidity. How difficult is it to test for redun-
dant rigidity? A simplistic approach would use the algorithm for rigidity repeatedly,
removing one edge at a time. This approach parallelizes easily by simply running the
m different problems on independent sets of processors. Since rigidity testing was
shown to be in deterministic or random NC for all dimensions, redundant rigidity is
as well.

In one dimension redundant rigidity is equivalent to edge two-connectivity. This
property can be determined by looking for cut points of the graph, requiring O(m)
time [1].

For the two-dimensional case a simple modification of the rigidity testing algo-
rithm described in §2.2 can be employed. The rigidity algorithm grows a basis set of
independent edges one at a time by checking them against the existing independent
set. If a new edge is found to be independent of the existing set, then it is added.
Independence is determined by the success of a particular bipartite matching. If the
matching fails, then there must be some dependence among the edges. Identifying
and utilizing these dependencies will lead to an efficient redundant rigidity algorithm.

As in §2.2, we will denote by B(G) the bipartite graph constructed from G =
(V,E). The current set of independent, basis edges is E, generating a subgraph
G = (V,E). When a new edge e is to be tested for independence, four copies of it
are added to G, generating G with its corresponding bipartite graph B(G). As we
saw in §2.2, if a complete bipartite matching exists in B(Q), then e is independent
of E. For our current purposes we are interested in dependent edges and how they
contribute to redundant rigidity. Dependent edges fail to have complete matchings
in B(G). However, if we triple e instead of quadrupling it, generating G and B(G),
then Lemma 2.12 guarantees that B(G) always has a complete matching. So only a
single vertex in B(G) can go unmatched. This is important because of the following
general property of bipartite matching.

THEOREM 5.10. Let B = (V1,V5,E) be a bipartite graph with a matching from
Vi to Va involving all but one vertex from Vi, denoted by v. Also let V; be the subset
of V1 that is in the Hungarian tree built from v. Then if any vertex from V) is deleted
from B, the resulting graph will have a complete matching.

Proof. The removal of a vertex w from V; creates an unmatched vertex in V5 that
is reachable from v along an alternating path. O

Theorem 5.10 identifies which vertices of a bipartite graph can be removed to
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result in a perfect matching. For our purposes, these are vertices in B(G), which
correspond to edges of G. If any of these edges of G is removed, then the new edge e
will be independent of the remaining basis edges. That is, e can replace any of these
edges identified by the Hungarian tree, leaving the number of basis edges unchanged.
More formally, we have the following theorem.

THEOREM 5.11. In the rigidity algorithm, assume a new edge e is found to be not
independent of the current set of k independent edges. Let V; be the subset of vertices
of V1 that are in the Hungarian tree of the failed matching. Then if e replaces any of
the edges in V; the resulting set of k edges is still independent.

Theorem 5.11 gives an efficient algorithm for redundant rigidity testing. An edge
is not independent of the current basis set if the bipartite matching fails. When this
happens the Hungarian tree identifies precisely which edges are dependent. All these
edges are redundant because any of them could be replaced by the new edge. In
the O(n?) algorithm from §2.2 a Laman subgraph is identified by this Hungarian tree.
Hence, any edge in the Laman subgraph is redundant. When the algorithm is finished,
if there is a basis edge that has not been merged into a larger Laman subgraph, then
it is not redundant and the graph is not redundantly rigid. Note that if the full graph
is not redundantly rigid, then the Laman subgraphs identified by this procedure are
redundantly rigid components. This takes essentially no more effort than testing for
rigidity, so two-dimensional redundant rigidity can be decided in O(n?) time.

In dimensions greater than two there is no graph theoretic characterization of
redundant rigidity. As in §2.2 an algorithm will have to randomly position the vertices
and then examine the rigidity matrix. Like the two-dimensional case, the basic idea
will be to build a set of independent edges one at a time, and then determine which
of them are redundant. Every time a new edge fails to be independent it supplies
information about the redundancy of some of the independent edges. If a full set of
redundant, independent edges are found, then the graph is redundantly rigid.

Begin by positioning the vertices randomly and constructing the rigidity matrix
M. The rigidity of the framework can be determined by performing a QR factorization
on MT to find its rank. This procedure will form an independent set of edges one
at a time. A new column is added if it is linearly independent of the current set of
k columns; otherwise it is discarded. A discarded column, corresponding to an edge
e, can be expressed as a linear combination of some set of the independent columns.
The discarded column could replace any of the columns in the linear combination that
forms it, without altering the span of the independent set.

How difficult is it to determine which of the current columns contribute to the
linear combination? Assume the algorithm has identified k£ independent columns of
MT. Place these columns together to form an nd x k matrix Ax. The QR factorization
has been proceeding on these columns as they are identified, so there is a k x k
orthogonal matrix @ and an ndx k upper triangular matrix Ry satisfying Qx Ry = A.
If a new column b of M7 is linearly dependent upon the columns of Ay, then there
must be a vector ¢ satisfying Axc = QxRic = b, or alternately, Ryc = QTb. In the
course of the QR factorization the column b has been overwritten with Q{b, so it is
easy to solve the upper triangular system for c¢. The nonzero elements of ¢ identify
which columns of A contribute to the linear combination composing b, that is, which
columns are redundant.

How much work does this take? There are O(m) triangular systems to solve, each
of which requires O(k?) operations, where k is always O(n). So the total additional
time is of the same order as the QR factorization itself, O(mn?). As in the two-
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dimensional case, the redundant rigidity of a graph can be determined by modifying
the rigidity algorithm without incurring substantial increased cost.

As was noted in §2.2, the rigidity matrix consists mostly of zeros. For large
problems this property should be exploited by using sparse matrix techniques. The
only real modification to the rigidity algorithm required to verify redundant rigidity
is a sequence of triangular solves. These can be done sparsely, so the entire algorithm
can be implemented in a sparse setting. An algorithm very similar to this has been
described by Coleman and Pothen [9].

6. Conclusion. Three necessary conditions for almost all realizations of a graph
to be unique in d dimensions have been derived. They are, in order of appearance,
rigidity, (d + 1)-connectivity, and redundant rigidity. The first condition is a trivial
consequence of the third so there are really only two independent criteria. However,
flexibility leads to a very different kind of nonuniqueness than lack of redundant
rigidity, so it is useful to think of them independently. Efficient algorithms for testing
each of these three conditions have been presented that deal solely with the underlying
graph, ignoring the edge lengths. The price for this convenience is that there are
combinations of edge lengths for which these conditions are not necessary. But these
counterexamples are very rare. For almost all realizations, a graph that violates one
of these conditions will have multiple satisfying realizations.

Establishing necessary conditions for a graph to have a unique realization makes
it possible to prune the initial graph before attempting the difficult task of finding
coordinates for the vertices. If the entire graph does not have a unique realization,
then it would be impossible to assign coordinates unambiguously. Instead, portions of
the graph that do satisfy the necessary criteria can be identified and positioned. Not
only does this alleviate the confusion of a poorly posed problem, but since the cost
of finding the realization can grow exponentially with the size of the graph, it should
be possible to save time by positioning a sequence of smaller subgraphs instead of the
original full one.

Following this idea to its logical conclusion, even if the original graph has a
unique realization it might be possible to position subgraphs first and then piece
them together. Since the running time grows rapidly with problem size, this could
lead to a substantial reduction of computational effort. In fact, an approach to the
molecule problem using precisely this approach has recently been proposed [21]. For
this approach to be infallible we would need to develop sufficiency conditions for a
graph to have a unique realization. Unfortunately, the necessary conditions developed
in this paper are not sufficient. Connelly has identified a class of bipartite graphs that
satisfy the conditions presented here, while still allowing multiple realizations in high-
dimensional spaces [10]. There are no graphs in this class in one or two dimensions,
and Ks 5 is the only example in three-space. A complete characterization of uniquely
realizable graphs remains an open problem. In fact, it is also unknown whether
uniqueness itself is a generic property. That is, if a single generic realization of a
graph is unique, are almost all realizations unique?

Acknowledgments. The ideas in this paper have been developed and refined in
innumerable discussions with Tom Coleman and Bob Connelly.
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SIMPLIFICATION OF NESTED RADICALS*
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Abstract. Radical simplification is an important part of symbolic computation systems. Until
now no algorithms were known for the general denesting problem. If the base field contains all
roots of unity, then necessary and sufficient conditions for a denesting are given, and the algorithm
computes a denesting of a when it exists. If the base field does not contain all roots of unity, then
it is shown how to compute a denesting that is within one of optimal over the base field adjoining
a single root of unity. Throughout this paper, a primitive {th root of unity is respresented by its
symbol (;, rather than as a nested radical. The algorithms require computing the splitting field of
the minimal polynomial of « over k, and have exponential running time.

Key words. denesting, Galois theory, nested radicals, radical simplification
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1. Introduction. In his magical way, Ramanujan observed a number of striking
relationships between certain nested radicals:

{92 -1= W5 - s + /4P,
\V V6 — V4 =1/3(Y2 + V20 - ¥/25),
/7920 —19 = {/5/3 - ¥/2/3.

These remained innocent curiosities for decades. Then symbolic computation came
of age, and such manipulations assumed greater importance. Consider the equation:

5+2v6 =v2+ V3.
The field

Q(\/5 +2V6)

has

{1,4/5+2v6,5 + 2v6, (/5 + 2v6)%}

as a basis over Q. But {1,v/2,/3, \/(_3} is also a basis for

Q(\/5 +2V6)

over Q. In many cases, the first basis is preferable—it is of the form {1, a, a2, a®}—
but people often find the second basis easier to understand. The basis {1, V2,/3, \/(_3}
is simple to manipulate. An important issue then, is the “denesting” of radicals—a
term which will be precisely defined in the next section. It is also independently
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interesting: under what circumstances can a radical be expressed in terms of radicals
with a lower depth of nesting?

In 1985, Borodin, Fagin, Hopcroft, and Tompa [3] gave an efficient algorithm for
decreasing the nesting depth of a class of expressions involving square roots. Also
in 1985, Zippel [18] gave some conditions under which a radical could denest. The
general case remained open. It was unknown how to determine whether a radical
could be denested.

We show that if the base field contains all roots of unity, then a radical can be
denested if and only if there is a denesting which occurs within its splitting field. That
is, a radical a can be denested over a field k containing all roots of unity if and only
if there is a denesting which occurs with each term of the denesting lying within the
splitting field of the minimal polynomial of a over k. If the base field does not contain
all roots of unity, we show that a denesting within one of optimal can be achieved
over k(¢;), ¢; a primitive lth root of unity, where ! is the lowest common multiple
(lcm) of the exponents of the derived series of the Galois group of the splitting field
of k() over k. We also show how to achieve an optimal denesting by adjoining a root
of unity that is dependent on the presentation of a. We represent a primitive [th root
of unity by the symbol {; rather than as a nested radical itself. This presents certain
problems, which we discuss in §3.

Following the measure of the size of univariate polynomials in the factoring prob-
lem, we define the size of the denesting problem to be the minimal polynomial for o
over k. (In the Appendix we show how to go from the presentation as a nested radical
to its minimal polynomial.) Next we show that given a radical a over a field k of
characteristic 0, we can denest « in the time it takes to compute the splitting field of
the minimal polynomial of o over k. In the worst case this takes exponential time.

Our paper is organized as follows: §2: Background; §3: Ambiguity; §4: Algebraic
Structure; §5: The Algorithm and Running Time Analysis; §6: Conclusions; and the
Appendix.

2. Background. We begin with a brief review of some algebraic concepts. The
reader who is unfamiliar with this material is advised to consult [8] or [14] for algebraic
number theory and Galois theory, and [13] for group theory.

Let k be a field. Throughout this paper we assume that k is of characteristic 0.
An element « is algebraic over k if and only if « satisfies a polynomial with coefficients
in k. The degree of a is the degree of the minimal irreducible polynomial of o over
k. If L has finite dimension [L : k] over a subfield k, then L = k() for some 0 in L,
where the degree of 0 over k equals [L : k.

An extension field L is algebraic over a field k if and only if every element of L
is algebraic over k. It is well known that every finite extension of a field is algebraic;
the finite extensions of @ are called the algebraic number fields. If k is an algebraic
number field, it contains a set of elements which satisfy integer monic polynomials
over Z; this is called the ring of integers of k, and is frequently denoted Oy.

In 1982, Lenstra, Lenstra, and Lovasz [11] showed that f(z) in Q[z] can be
factored in polynomial time. If f(z) is a polynomial in Oy, where k = Q[t]/g(t) is a
number field, then there are polynomial time algorithms for factoring f(z) over Oy

Following [3], a formula over a field k and its depth of nesting are defined as
follows:

(1) an element of k is a formula of depth 0 over k,
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(2) an arithmetic combination (A+B, A x B, A/B) of formulas A and B is a
formula whose depth over k is max(depth(A), depth(B)), and

(3) aroot ¥/A of a formula A is a formula whose depth over k is 1+ depth(A).

We will call such a formula a nested radical. A nesting of & means any formula A
that can take « as a value.! We will say the formula A can be denested over the field
k if there is a formula B of lower depth than A such that A=B. We will say that A
can be denested in the field L if there is a formula B=A of lower nesting depth than
A with all of the terms (subexpressions) of B lying in L. For any o, we define the
depth of o over k to be the depth of the minimum depth expression for . When we
are given a formula A for « such that A can be denested, we will sometimes instead
say that o can be denested. We will write a primitive nth root of unity as a special
symbol ¢, rather than as a nested radical, and we will define the depth of nesting for
a primitive root of unity that is not already in the field to be 1.

We return to the examples mentioned earlier. At first they seem mysterious. In
fact, each equation is a result of a complex algebraic structure. Consider:

{92-1= /i - v + Yo

A natural question to ask is: What is the relationship between /2 and /9?7 There is
no obvious one. But there is a relationship between

3 \:7'2' _ 1
and V/9; ¥/9 is an element of the field

QY V2 -1).

This fact is unexpected.

The second and third equations in §1 give similar results. A natural question
arises: In which field do denestings occur?

Let k be an algebraic number field, and let f(x) be an irreducible polynomial of
degree n with coefficients in k, and roots a1, - - -, &,. Then k(o) ~ klz]/f(z) ~ k(ey),
but in general k(c;) # k(c;). The field L = k(a, -+, ay,) is called the splitting field
of f(z) over k. This is the smallest field containing k() that is Galois? over k. We
consider the set of automorphisms of L which leave k fixed. These form a group,
called the Galois group of L over k. As we can think of these automorphisms as
permutations of the «;, this group is sometimes called the Galois group of f(z) over
k. The Galois group is transitive on {aq,- -+, ay}, that is, for each pair of elements
a;, o, there is an element o in G, with o(0;) = o;. Galois’s great insight was
the discovery of the relationship between the subgroups of G' and the subfields of L
containing k.

Let H be a subgroup of G. We denote by L¥ the set of elements of L which are
fixed pointwise by each element of H. This set forms a field. Furthermore, H fixes k,
so that we have:

kcLH CL.

1 Of course, an nth root is a multivalued function. See §3 for a discussion on ambiguity.
2 We say a field F' D k is Galois over k if every irreducible polynomial p(z) in k[x] which has a
root in F' splits completely in F'.
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Conversely, suppose that J = k(B4,---,05,) is a field such that K C J C L. Then
the B; can be written as polynomials in ay, - -, ay,, and H, the subgroup of G which
fixes J, consists of those elements of G which fix the §; pointwise. The relationship
between the fields and the groups can be formally stated as Theorem 1.1.

THEOREM 2.1 (Fundamental Theorem of Galois Theory). Let k be a field, and
let f(z) in k[z] be a polynomial of degree n, with roots aa,- - an,. Then:

1. Ewvery intermediate field J, with k C J C L = k(oy,---,ap) defines a sub-
group H of the Galois group G, namely, the set of automorphisms of L which
leave J fized. Furthermore, L is Galois over J.

2. The field J is uniquely determined by H, for J is the set of elements of L
which are invariant under the action of H.

3. The subgroup H is normal if and only if J over k is a Galois extension. In
that case the Galois group of J over k is G/H.

4. |G| =[L : k], and |H| = [L: J].

The Galois groups we will be looking at are rather special. Our field extensions
are extensions by radicals. Thus the groups we are looking at are solvable, that is,
there is a sequence of subgroups G = Gg D G1; D -+ D Gy, with G;41 normal in G;
(written G411 < G;), and G;/G;41 cyclic of prime order. We introduce the following
definiton.

DEFINITION. The commutator subgroup DG of G is the subgroup
(oro~'r7Yo,7 € G). We will denote D?G = D(DG) and DG = D(D'"1G) for
1> 2.

If G is a solvable group, there is an s such that D°G = {e}. The sequence
DiG/D*'@ is called the derived series of G. The following are well known.

LEMMA 2.2. Let G = Hy D H; D --- D H; be a sequence of groups such that
H; < H;_y and H;_1/H; is abelian. Then H; D D'G.

LEMMA 2.3. The groups DG are normal in G for all i.

LEMMA 2.4. If N is normal in G, then D'(G/N) ~ D*(G)N/N.

We say that an extension K over k is abelian if it is Galois and the resulting
Galois group is abelian. Similarly, we say an extension is cyclic if it is Galois, and the
resulting Galois group is cyclic. If K = k(8) for some 8 that satisfies an irreducible
polynomial of the £™ — b for some b in k, we say that K is a simple radical extension
of k. A tower of such extensions will be called a radical extension. Let (,, denote a
primitive nth root of unity. The following classical theorems will prove useful.

THEOREM 2.5. Let k be a field. The following are equivalent:

1. « is a nested radical over k.

2. There exists a solvable Galois extension L over k with o in L.

3. The splitting field of k(a) over k has solvable Galois group.

This will be made more precise in Lemma 4.1, where the depth of nesting of a
radical expression for « is related to the length of the derived series for the Galois
group of L over k.

THEOREM 2.6. Let k be a field, with K a cyclic extension of k of degree n, and
suppose C,, is in k. Then there is a B in K such that K = k(83), and 8 satisfies ™ —b
for some b in k.

THEOREM 2.7 (Hilbert’s Theorem 90). Let K be a cyclic extension over k, and
let o be a generator of the Galois group G. For every element B in K with norm 1,
there is an element v # 0 in K such that 3 = v/o(y).

THEOREM 2.8. Let k be a field with {, in k, and suppose B is a root of z™ — b.
Then k(B) is cyclic over k of degree d, where d divides n, and 3¢ is an element of k.
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If ¢, is not in k, the situation is not quite as simple.

THEOREM 2.9. Let k be a field, and n an integer greater than or equal to 2. Let
a be an element of k, a # 0. Assume that for all prime numbers p dividing n, that a
is not a pth power in k, and moreover, if 4 | n, then a is not equal to —4j* for some
j in k. Then x™ — a is irreducible in k[x].

We are now ready to state our two main results which we will prove in §4.

THEOREM 4.2. Suppose « is a nested radical over k, where k is a field of char-
acteristic 0 containing all roots of unity. Then there is a minimal depth nesting of «
with each of its terms lying in the splitting field of the minimal polynomial of o over
k.

THEOREM 4.7. Suppose « is a nested radical over k, where k is a field of char-
acteristic 0. Let L be the splitting field of k(a) over k, with Galois group G. Let | be
the lem of the exponents of the derived series of G. If there is a denesting of a such
that each of the terms has depth no more than t, then there is a denesting of o over
k({) with each of the terms having depth no more than t + 1 and lying in L({;).

We also have an alternative version of this result in which we can achieve minimal
depth at the expense of adjoining a primitive rth root of unity where r is dependent
upon the presentation of the input.

COROLLARY 4.8. Let k,a, L,G,l,t be as in Theorem 4.7. Let m be the lecm of the
(mij), where the m;; runs over all the roots appearing in the given nested expression
for a. Let r be the lem of (m,l). Then there is a minimal depth nesting of a over
k(¢r) with each of its terms lying in L((,).

Roots of unity, and indeed the radicals themselves, are more complicated than
they might first appear. Before we prove the theorems, we discuss ambiguity of radical
expressions and primitive roots of unity more closely.

3. Ambiguity. When we write the equation

V54 2V6 = V2 + 3,

it is ambiguous. Which V2 do we mean? Which v/3? The usual interpretation is
the positive real roots for all four choices in the equation above. Under those choices,
the equation is correct; under others, it may not be. Similarly, when we talk about
denesting a nested radical, we must be careful about what we mean.

For example, suppose we are interested in denesting the expression:

va-1-vip.

The polynomial z3 — 9 factors over the field
QU V2-1).
To denest

VV2-1- Y1/,

we need to know to which root of 3 — 9 we are referring in

Q(3 \3/5_ )v
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the one which satisfies £ — o® — 4a® — 4a?, or one of the two satisfying 2% + (a® +
405 + 4a?)z + (3a* + 6a), where

a=1 V2 —1.

The problem, of course, is that {/o is a many-valued function. Once we choose
which value it has, the same value must be assigned to it every time it appears. If
the roots are specified at the time a nested radical is given, there is no difficulty, and
we will choose those roots. If they are not, we have two choices: we could run the
denesting algorithm for all possible choices of the values of the roots and compute the
denesting in each case, or we could arbitrarily pick values. For the sake of simplicity,
in this paper we choose to do the latter. When we adjoin {/a, we do so in a way
that makes the smallest (in terms of degree) field extension possible. In the above
example, we would choose the V/9 that is already in the field.

Sometimes radicals may be given in a reducible form, e.g., ¥4. The obvious
simplification to v/2 (which omits —/2 as per above) is not right, since the minimal
polynomial for v/4 over @ has two roots +iy/2, which this “simplification” omits.

Let o = {/a be a reducible radical, that is, suppose " — a factors. By Theorem
2.9 this can happen in two ways. We might have a that is a pth power, where p
divides n. In this case, a = A where gcd(c,n) = d. Then the roots of z™ — a are
¢ "WAeldj=0,---,n—1. Note that "V Ac/d is an irreducible radical. Thus what
we can do is replace each instance of a reducible radical ({/A¢) by its irreducible
cousin ( "¥/A¢/4), and adjoin the appropriate (, to the splitting field by letting the
l of Theorem 4.7 be the lcm of the indices and the exponents of the derived series.
The other situation, where 4 | n and a = —45* for some j in the base field is handled
similarly. Because of the way we handle roots of unity, this will not increase the depth
of nesting.

Roots of unity present a more serious problem. We have chosen to write a primi-
tive [th root of unity as (;, rather than as a nested radical. The reason is that we are
trying to write expressions in as simple a form as possible. In many situations (; is a
more meaningful expression than the nested radical it represents.

There are difficulties with this approach. A primitive lth root of unity may be
of logl nesting depth. The symbol (; hides that complexity. Adding roots of unity
to k changes k in surprising ways. By the Kronecker—-Weber Theorem, every abelian
extension over () can be embedded in an cyclotomic extension. Thus, we may have
the ill fortune to be expressing /a over Q(({;), where {/a is an irrational number that
happens to be in Q(¢;). Such is the case for v/5 in the field Q(s). Thus, v/5 will be
represented as a polynomial in (s, rather than as the more usual expression v/5. This
type of simplification may drop us a single level of nesting.

A more serious problem is that in writing a root of unity as {; we are in some
sense masking it. There are subtle ways in which we pay for that. For example, we

can write
\/V5 —5/2

as (s — 1/¢5. Which symbol is easier to understand:

VV5—5/2 or (5—1/(s?
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That is certainly open to debate. In choosing to express

V5—-5/2

as (5 — 1/(s, it is not clear that we have really simplified things. This problem seems
unavoidable in the current approach.

If £k = Q, then the minimal polynomial of (; is the unique irreducible factor of
z! — 1 of degree p(l). If k # @, this minimal polynomial may factor. Since the
primitive Ith roots of unity are all powers of one another, the fields k({;) are all equal.
The denested expression we find for « is dependent on our choice of (;, however, a
different (; will give a different denesting expression. When we denest a nested radical
a, we will always specify the minimal polynomial of the associated primitive Ith root
of unity.

Now we are in a position to prove our main theorems, which we will do in the
next section.

4. Algebraic structure. In this section we discuss the algebraic structure sur-
rounding nested radicals. We begin with Lemma 4.1.

LEMMA 4.1. Let a be a nested radical, and suppose a can be denested in a field
L D k. Suppose that the denested expression has nesting depth l. Let L be the splitting
field® of L over k, with Galois group G, and assume that all roots of unity of L appear
in k. Then there are subgroups Hy,---,H; of G, with G=Hy > Hy; > --- > H; and
H;/H;\1 abelian for i = 0,---,1 — 1, with H D H,;, where H is the subgroup of G
associated with k(). Conversely, if there is such a sequence of subgroups, then o has
nesting depth at most l.

Proof. If a can be denested, then a = g(81,- -+, 0t), with each 3; having nesting
depth !; <l over k. Each B; has a nesting sequence of the form:

Bi1 = ™%/pi1, pi1 €k,
Biz = ™%/pi2(Bi1, -+, Be),
Bis = "R%/pis(B11, "+ Be1, P12y Br2),

Bi=Bu; = " %/pu; Bits -+ Brte—1),

where the p;;’s and g are multivariate polynomials over k. (Since each 3; has a possibly
different depth of nesting, without loss of generality, let l; = [ be the maximal depth
of nesting, and let 8;; = B3; for j > l;.) Without loss of generality assume that

"/ pij (P11, -+ 5 Bej—1)

is of degree m;; over k(B11,: -, Bj—1). Since ™4 — p;;(Bi1,- -, Ptj—1) has a root in
L, it splits completely in L. Thus we know that Cmy; is in k for every pair i, j. (Since
all the necessary roots of unity lie in k, we do not run into problems with ambiguity.)

Number the extensions of k in the following way: k1 = k(B11,---,0t1) C k2 =

ki1(Bi2y-+,B2) € -+ C ki = ki—1(Bu,- -+, Bu) = k(Bu1,---,Bu). Let H; be the
subgroup of G corresponding to k;. Observe that k;11 is a Galois extension of k;,

3 This is usually called the normal closure of L over k, i.e., the minimal field L containing L in
which every polynomial in k[z] that has a root in L splits completely in L.
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since the appropriate roots of unity lie in k. Thus we have G = Hy > H; >--- b Hj.
Furthermore, k;; is an abelian extension of k;, since it is contained in the composite
of cyclic extensions. Thus H;/H;y; is abelian. Finally, k(a) C k(811," -, 084,); thus
H > H;.

The converse follows immediately from Theorems 2.5 and 2.6 and the fact that
the needed roots of unity lie in k. 0

We are now ready to proceed with Theorem 4.2

THEOREM 4.2. Suppose « is a nested radical over k, a field of characteristic 0
that contains all roots of unity. Then there is a minimal depth nesting of a with each
of its terms lying in the splitting field of the minimal polynomial of o over k.

Proof. Let L be the splitting field of k(c) over k, with Galois group G. Suppose
a can be denested over k with all of its terms lying in K, a field. Let L be the normal
closure of K over k; then L D L. Let G be the Galois group of L over k; then the
field L is a Galois extension over L with group N. Furthermore, by the Fundamental
Theorem of Galois Theory, G ~ G / N. Let H be the subgroup of G associated with
k(c), and let H be the pullback of H. Then H O N.

. L = normal closure of K/k
/
G = Galois group of f;/ k

K

L

/

“ k() G=G/N

N\

Now since a can be denested over L, by Lemma 4.1 there is a series of subgroups
H Hl of G such that G = Ho >H > > Hl, with H,/H,_H abelian for
1= 0 .+-,1—1, and H D H;. We will show how to pull this down to a sequence in G,
thus showmg that a can be denested in L.

Consider the sequence H;N,H,N,---, H;N. Clearly, H,N > H,+1N That
H,N / H,+1N is abelian follows 1rnmed1ately from the facts that (1) H, / H,+1 is abelian,
(ii) N is normal in G. Let aHH_lN bHH_lN be elements of H; N/H,_HN Then
there are a,,az,b1,bs in H and ny,ng,n3,n4 in N such that a = ni1a; = asng and
b= n3b1 = b2n4 Then aH1_|.1NbH,_|.1N bHH.lNaHH.lN

Finally, since H>Nand H> Hl, we know that H D H;N.

Now consider the sequence H; in G defined by H; N /N H;. That the sequence
G = Hy,H,,---,H, satisty H; > H;q for i = 0,---,1 — 1 follows from the third
isomorphism theorem. That H;/H;;1 is abelian follows from the fact that

H,N/N
z+1N / N
The isomorphism is a consequence of the third isomorphism theorem. That H D H,
is clear, since H = HN/N > HIN/N = Hj,. 5
Thus we have taken a chain of subgroups in G and mapped it to one over G. The
fact that all the needed roots of unity lie in k¥ means that we can apply Theorem 2.8,

H; /Hz+1

IZ

H;N/H;11N.
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and we have taken a denesting over L and mapped it to one over L. The theorem is
proved. 0

This is a pleasing theorem. Although it is subsumed by Theorem 4.7, its proof
is different, and it shows how any denesting expression for a can be mapped to one
in which all the subexpressions are in L, the splitting field of a over k, assuming all
roots of unity lie in k. By Lemma 2.2, a sequence of minimal nesting depth for « is
found by finding the derived series and computing the associated fields. This will be
explained in detail in §5.

In general, it will not be the case that all roots of unity lie in k. Of course, one can
adjoin them, but this may be an infinite extension. From a computational standpoint
this is not a good approach. Instead we will find a single primitive root of unity we
can adjoin to k that will give us a denesting. We begin with the following definition.

DEFINITION. The least positive integer n such that G™ = {e} is the exponent of
G.

THEOREM 4.3. Suppose k C ky C --- C ky is a series of abelian extensions (k; 41
an abelian extension of k;), with K = k(a) C k. Let L be the splitting field of K over
k, and Ly be the splitting field of k: over k, with Galois group G. Then L C L1, and
let N = Gal(Li/L). If s is minimal such that D°G C N, then s < t. Furthermore s
is the length of the derived series for G/N = Gal(L/k).

Proof. We begin with some notation. Let

Gal(L1/K) = Ho,

Gal(Ly/k) = G,

Gal(Ly/ki) = Hyyi =1, t,
Gal(Ly/ky) = H, = H.

Observe that G D Hy D -+ D Hy = H, and that H; D DG, since H;_/H; is
abelian. Furthermore, we know that (,cq 0Ho ™! = {e}, since L is the smallest
normal extension of k; over k. Similarly, (), cq oHyo~! = N, since L is the smallest
normal extension of K over k, and N = Gal(L;/L). Note that N is a normal subgroup
of G.

Now let s be the least integer such that DG C N. We know that {e} =
Noec oHio™ D N,eqoD'Go™! = N D'G = D'G. Thus D'G = {e}. This implies
that D'G C D*G, or that s < t. Furthermore, note that D*(G/N) ~ D*(G)N/N,
which implies that D*(G/N) = {e}. Since s is the least integer such that D°G C N,
we have that s is the length of the derived sequence of G/N = Gal(L/k). 0

This theorem almost gives us a minimal denesting. Let [ be the lcm of the
exponents of the derived series of G = Gal(L/K). Then if (;, a primitive Ith root of
unity, is in k, by Theorems 2.5 and 2.8 all the extensions by the derived series can
be achieved as radical extensions. If (; is not in &, but is in L, we can still achieve a
minimal denesting with all of the terms lying in L. This is because of the following
lemma.

LEMMA 4.4. Let L be the splitting field of the minimal polynomial of o over k,
with Galois group G, and suppose (; is in L. If H = DG is the commutator subgroup
of G, then L¥ D k().

Proof. Let J be the subgroup of G associated with k(¢;). Now k((;) is an abelian
extension of k, thus J< G, and G/J is abelian. By Lemma 2.2, J 2 DG, and therefore
k(G) =L’ C LPC, 0

Of course, it will not always be the case that (; lies in L. We can adjoin it to k.
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Thus the field extensions of k£ made by considering the fixed fields LP'C can all be
made to be radical extensions. We will need to make use of Theorem 4.5.

THEOREM 4.5 (Lang [8, pp. 196-197]). Let K be a Galois extension of k, and
F be an arbitrary extension of k. Then KF is Galois over F, and K is Galois over
KNF. Let H be the Galois group of KF over F, and G the group of K over KNF.
If o is in H, then the restriction of o to K is in G, and the mapping 0 — o |k is an
isomorphism.

LEMMA 4.6. Suppose k; = k() is an abelian extension of k with group G, which
has ezponent l. Let ¢ be a primitive Ith root of unity, and let K = k(). Then K(a)
is an abelian extension of K, and if G is the associated Galois group, l is divisible by
the exponent of G. If, furthermore, ky = k() is a cyclic extension of k, then K(«)
is a radical extension of K, that is, K(a) = K(B), for some [ which satisfies an
irreducible polynomial of the form x™ — b for some b in K.

Proof. Consider the following picture:

K(a)

\ K =k(GQ)
/

F=Knk

Now k; is an abelian extension over k; thus so is k; over F. Furthermore, by
Theorem 4.5, G is isomorphic to Gal(k1/F), which is just a subgroup of G. Thus
the exponent of G divides the exponent of G. If k; is a cyclic extension over k, so
is k1 over F. Thus so is K(a) over K. Again G can be viewed as a subgroup of G.
The exponent of G will divide the exponent of G. But then, by Theorem 2.6, the
extension K (a) over K can be realized as a radical extension. 0

THEOREM 4.7. Suppose « is a nested radical over k, where k is a field of char-
acteristic 0. Let L be the splitting field of k(a) over k, with Galois group G. Let | be
the lem of the exponents of the derived series of G. If there is a denesting of a such
that each of the terms has depth no more than t, then there is a denesting of o over
k({) with each of the terms having depth no more than t + 1, and lying in L((;).

Proof. Since a is a nested radical with nesting depth ¢, o can be expressed as a
polynomial in 81, -+, 3., with each 3; having a nesting depth t; < t over k. Each 3;
has a nesting sequence of the form:

Bi1 = mR//Pi1, Pi1 € k,
Biz = "R/pi2(B11,- -+, Br1),
Biz = "™%/Dis(Bi1y- s Br1, Brzs 5 Bra)s

Bi = Bit; = ™%/ Dit; (Br1, -, Bre,_,)-
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Of course, the symbol "‘i(/ Dij (P11, -+, Brj—1) will mean the same thing each time it
appears. Let m = lem(ma1, -+, My, M1, -+, My, ), and let k = k((p).

Consider the sequence of fields k; = k(ﬂll,"',ﬂlr) C ko = k1(B21, -+, Bar) C

-+ Cky =ki—1(B1t, -+, Brt). For each i, k; 11 is a composite of cyclic extensions of k;.
Thus for each 3, k;+1 is an abelian extension of k;. Let L be the splitting field of k(c)
over k, with Galois group G. We know that L is contained in the normal closure of k;
over k. If the length of the derived series for G is s, then by Theorem 4.3, s < ¢ + 1.

Let L; = LP'G_ Then the sequence of fields k =Ly C Ly;---C Lg_1 C Ly, =1L is
a tower of abelian extensions. The associated Galois group is D'~1G/D'G

Each D~1G/D!G is an abelian group and can be written as a direct product of
cyclic groups, say, D""'G/D'G = J;; X -+ x Ji,. For each i and j, i = 1,---,s,
j=1,---,t; let Jij = {e} x--- {e} x Jij x {e} --- {e} C D'G/D*"'G. Then L; = LJis
is a cyclic extension of L;_;, and

Jardi Jit,
Li=Lj*L;*...L;"™

is a composite of cyclic extensions.

Now let K; = L;(¢;). By Lemma 4.6 the extension K; over K;_; is abelian, and
the extension

Kij = L (Q)

over K; is a radical extension for every pair ¢,j. The maximal depth of nesting for
any expression in K over k is s, the height of the derived series for G. The theorem
is proved. O

Observe that the reason the depth of nesting achieved in Theorem 4.7 is one more
than minimal is because the abelian tower created by the derived series begins with
the field k rather than k((y). But (, is, after all, just a root of unity. If we begin
our tower of fields at k(({,,) instead, then we have Corollary 4.8.

COROLLARY 4.8. Let k,o, L,G,1,t be as in Theorem 4.7. Let m be the lcm of
(mi;), where the m;; runs over all the roots appearing in the given depth t nested
expression for .. Let r be the lem of (m,l). Then there is a minimal depth nesting
of o over k({,) with each of its terms lying in L((,).

Proof. This proof is a variation on the one above. We want to show that there is
a denesting of & over k(¢,) of minimal depth, with all of its terms lying in L((,.). We
do it by showing something slightly stronger, that there is a denesting achieving this
with all of its terms lying in f/, the splitting field of the minimal polynomial of o over

k(Cr)-

We begin with some notation. Let k& = k(¢.), and let G be the Galois group
of the splitting field of the minimal polynomial of o over k. Note that by Theorem
4.5, L(¢,) over k is Galois. If G is the group of that extension, then G is isomorphic
to a subgroup of G, the subgroup corresponding to L over k(c) N k((.). (Note that
k() N k(¢,) is an abelian extension of k.) We have the following picture:
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L(¢r)

(o))

\ /’“‘”/

NS

Consider the tower kc-- I?:t, and let us compare it to a tower of abelian exten-
sions in L over k. Theorem 4.3 applies. If s be the length of the derived series for G,
we have s < t.

We let Ly =L> ‘G Asin the previous theorem, the sequence of fields kc L1 C

. C L, is an abelian tower. Agaln, this can be transformed so that for each 1, Liis
a comp051te of cyclic extensions of L, 1-

Since G is a quotient group of G, the lem of the exponents of the derived series for
G divides the lem of the exponents for the derived series of G, which in turn divides
the lcm of the exponents of the derived series for G. This divides 7. Thus k contains
the roots of unity needed to make the field extensions of L over k corresponding to
the derived series into composites of radical extensions. The corollary follows. 0

Although Corollary 4.8 appears to give a better bound than Theorem 4.7, it does
so in a dissatisfying way, by introducing roots of unity which have to do with the input
and are not necessarily a genuine part of the problem. For example, in denesting

{/\/5+2—§/\/5—2

over @, Corollary 4.8 indicates that one would want to add a primitive sixth root of
unity to @ to denest. In fact,

§/¢5+2—§‘/¢5—2=1,

and thus no new root of unity is needed (a fact which would be discovered in computing
the minimal polynomial for

{/x/5+2—§/\/5—2

over ). For this reason we have chosen to use the Theorem 4.7 variety of denesting
as the basis for our algorithms. The algorithms can be easily modified to handle the
Corollary 4.8 version if desired.

Now we are in a position to denest general radicals. Theorem 4.7 tells us which
root of unity we must add. Before we proceed with the algorithm, we briefly discuss
computing the minimal polynomial of «; details may be found in the Appendix.
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From an algebraic point of view, a sensible measure of the size of the denesting
problem is the size of the minimal polynomial of a. There is some disagreement
about this issue. Borodin et al. [3] define the size of a to be m, the depth of
nesting of a. Under this measure, they gave an algorithm for denesting a nested
class of square roots. This algorithm has polynomial arithmetical complexity, but
exponential bit complexity. The latter comes from the doubling of bits which occurs
at each extension. We believe that this problem is inherent in any denesting scheme,
and that the measure defined by [3] is too conservative. Under our measure, their
running time is polynomial.

We can view a nested radical « as a sequence of polynomials p;, § in k[z1, -, Tm—1]
such that

oy = "Y/p1, P1 €k,
az = "{/Pa(01),
as = "{/p3(a, az),

am = 6(a1> e 'aam—l) + n’{/ﬁm(ala e '7am—1)7

with @ = a,,. In the Appendix we show how to go from this description to minimal
polynomial of o = a,, over k.

5. The algorithm and running time analysis. At this point we have pre-
sented all the new ideas that were needed in order to compute denestings. In this
section we show that we can effectively compute the denesting, and we give a running
time analysis. There are some computations we have not yet shown how to do, the
most important of which is how to go from an arbitrary description of a radical ex-
tension (e.g., K = k[z]/f(x), f(x) irreducible) to a description as a radical extension
(K = k[z]/(z™ — b), with ™ — b irreducible). The answer is Lagrange resolvents, and
we use these and Artin’s normal basis to achieve what we want.

We begin this section with a brief—but complete—description of the algorithm.
The rest of the section is concerned with the details of running time analysis and
coefficient blowup. Because it is remarkably easy to miss the forest for the trees,
we urge the first-time reader to read the brief—but complete—description of the
algorithm, and then to read about normal bases and Lagrange resolvents. A second
reading can cover the running time analyses, and the other algorithms presented. We
end the section with a more precise version of the algorithm and, of course, a running
time analysis.

Suppose we wish to denest the nested radical . We begin by computing the
minimal polynomial of o over k. We construct the splitting field L of the minimal
polynomial of « over k. We compute G = Gal(L/k), and the series of commutator
subgroups D!G,i = 1,---,s, where D°G = {e}. We also compute [, the lcm of the
exponents of the derived series of G.

Next, for each 4,5 = 1,---,s, we compute D*"1G/D'G = J;; x --+ x Jis, as a
direct product of cyclic groups. Let Ji; = {e} x -+ x {e} x Ji; x {e} x - -+ x {e}, and
let L; = LP'C. Thus for each i,

Li=Ljn...L]"

(3

is a composite of cyclic extensions of L;_;. For each ¢ and j, we compute 3;; such
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that
jij A
L;"7 = Li_1(B;j)-

Thus L; = Li_1(Bi1,- -+, Bit,)-

We write Ko = k((;), where (; is a primitive lth root of unity. By Lemma 4.6,
K;; = i~1(,5ij) can be written as a radical extension of K; ;, and each K; =
K1 -+ Ky, is a composite of radical extensions of K; ;. We achieve the radical
extensions as follows.

Following Artin, we construct a polynomial s;;(z) whose roots ;;1, - -, 6;jr,, form
a “normal” basis for K;; over K;_;. The degree of s;;(z) is r;; = [K;; : K;—1], and
its roots are linearly independent over K;_;. Then we will use Lagrange resolvents
to find a B;; in K;; such that K;; = K;_1(8;;), where §;; satisfies an irreducible
polynomial of the form ™4 — b;; over K;_;. In our construction we will actually
have two descriptions of the fields K;, namely, K;_1(8;1,- -, 0it,) and K;_1[z]/g:(x),
where g;(z) is irreducible. We will do computations using the latter representation.

In this section we show that all the computations described above can be carried
out in time polynomial in the size of the splitting field of the minimal polynomial of
a over k. Unfortunately, the splitting field can be large. In worst case, the splitting
field is of exponential degree over the base field. Our bounds are chosen for the
relative simplicity of presentation, and are not necessarily the tightest possible. We
will restrict our running time analysis to k = @ for the present.

In [6], it was observed that the splitting field and Galois group G can be computed
in time polynomial in 7 = |G| = [L : k] and log|f(z)|- More precisely, we have
Theorem 5.1.

THEOREM 5.1. Let f(z), an irreducible polynomial of degree m over k, be the
minimal polynomial of a, a nested radical over k. The Galois group of f(z) over k
can be computed in O(r12t<log**<(r|f(y)|)) steps.

Proof. Suppose f(z) has roots a1, - -, am. The following algorithm computes L,
the splitting field of f(z) over k, and G, the associated Galois group.

Step 1: g(z) « f(2);
Step 2: WHILE f(y) does not split completely in k[z,y]/g(z) Do:
BEGIN
Factor f(y) = I1fi(y) in k[z, y]/g();
Let h(y) be some f;(y) of degree > 1;
Pick ¢ such g(z) — Res:(g(t), h(z — ct)) is square-free;
END;
Step 3: p « root of g(x);
Factor g(y) = I(y — pi(p)) in k[z,y]/g(x);
oi(p) < pi(p);
FoRr each ¢; in G, compute o; acting on p; by
0i(p;) = o:(p3(p)) = Py (s(p)) = 3 (ps(p))-

By Theorem A.4, it is not hard to see that this algorithm computes a polynomial
g(z) such that L = k[z]/g(x). The roots of this polynomial are the conjugates of

1 =(c1- "Cm—1)2011 +(c1- "Cm—2)2012 + ot o,
where

¢ <d; = [k(al,-u,ai) : k(al,“',ai_])].
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How long the process takes depends on the structure of G. We will assume a worst
case scenario. Note that not all worst case assumptions can occur simultaneously (and
thus what we have is really an exaggerated worst case scenario).

We loop through Step 2 at most m < logr times. The maximal possible g(zx)
occurs in the last iteration of the loop, and it is bounded by the size of its roots. Now
g(x) is of degree r over k in the final iteration. Then

T

gl < (o Il <2l < Ellall < 17N>+

since ||a1|| < 1 + |f(y)|- Using Theorem A.4 and the fact that degree(g(z))x
degree(f(x)) = r, we have that factoring f(y) over k[z]/g(z) takes no more than

O((r/m)**m™ < log*(g(x)) log™**(I| £ (v)I|(rlg () )" (rm)™))

steps. We loop through at most m times, getting

O((r/m)***m™ < log?(r| £ (y)|)*"+* log™ * (| ()| (r(rl f () ])* )" (rm)")m)

< O(r**<1og*(r| £ (3)]) >+ log” (v  f (3))*"")
< O(r'**<log**(rl f(y)I))

steps. ]

Thus in time polynomial in the degree of the splitting field, and the size of the
minimal polynomial of & over k, we can compute the Galois group. It has long been
known how to compute commutator subgroups quickly from a group table; recently
Babai, Luks, and Seress [2] showed how to do so in O(r* log® r) steps, for a permutation
group on r elements.

We say a polynomial g(z) over a field & is normal if and only if it is irreducible and
k[z]/g(z) is a Galois extension of k (equivalently g(y) splits completely in k[z]/g(z)).
It is not hard to go from such a polynomial to one which splits completely and whose
roots are linearly independent over k. Artin gave an effective method for calculating
such a polynomial. We reproduce it here.

THEOREM 5.2 (Artin [1]). If L is a Galois extension of k, and o1, --,0, are the
elements of the group G, then there is an element 6 in L such that the r elements
61 =01(0),--,0, = 0,(0) are linearly independent with respect to k.

Proof. Let L = k(p), and let g(z) be the minimal polynomial for p over k. Let
oi(p) = pi. We let h(z) = g(z)/(z — p)g'(p), and hi(z) = oi(h(z)) = g(z)/(z -
pi)9'(pi). Then h;(z) is a polynomial over L having p; as a root for j # 4, and thus
hi(z)h;j(x) =0 (mod g(z)) for ¢ # j. In the equation

the left side is of degree at most r — 1. If the equation were true for r different values
of xz, the left side would be identically 0. But we have r such values py,- -, pr, since
hi(p;) = 1, and hj(p;) = 0 for j # i. Multiplying this equation by h;(x), and using
the fact that h;(z)hj(z) =0 (mod g(x)) for ¢ # j, we find that

2 (hi(z))® = hi(z) ~ (mod g(x)).

We next consider the determinant

(3) D(z) =| 0i;(h(z)) |,
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and prove that D(z) is not identically 0. If we square the corresponding matrix we
get the identity matrix (modg(z)), because of (1)-(3).

Now D(z) can have at most 2 roots in k. If we avoid them, we can find a value
a for z such that D(a) # 0. Let 8 = h(a). Then

| 3i04(6) [# 0.

Consider any relation of the form a;01(0) + - - - + a,0,(8) = 0, where the a; are in k.
Applying the automorphisms ¢; to it would lead to » homogeneous equations for the
r unknowns a;. Then a; = 0, and we are done. 0

ALGORITHM: COMPUTE NORMAL BASIS.

input: g(z), a normal polynomial over k with root p

output: 6, an element in k[z]/g(z) whose conjugates form a normal basis for k[z]/g(x)
over k.

Line 1: BEGIN
Line 2. h(z) — g(a)/(@ — P)g'(0);
Line 3: Fori=1,.--,r Do:
For j=1,---,7 ai; < 0i0;(h(z));
Line 4: D(z) —| aj; |;
Line 5: Pick a in k such that D(a) # 0;
Line 6: 0 — h(a);
Line 7: END.

THEOREM 5.3. Algorithm Compute Normal Basis computes a normal polynomial
whose Toots form a basis for k[x]/g(z) over k. It does so in O(r"t<log® | f(y)|)
steps.

Proof. That it does so correctly is clear from the proof of Artin’s theorem. We
already know by Theorem 5.1 that

lg(@)| < (r|f(y)])?*e.
Thus

lg' ()] < (rlf(y))>r+

and

|h(2)] < (rlf(y))*"+.

We know the entries in the matrix are bounded by |h(z)|, and that D(z) is a polyno-
mial of degree at most r2. By Hadamard’s inequality [5], the coefficients of D(z) are
bounded by (r|f(y)|)°"". There is an a less than 72 for which D(a) is nonzero. Now

6 = h(a) <r- () (rlf N < (rF ))*"

The computations in Lines 3 and 5 dominate the running time. Line 3 can be com-
puted in O(r? - 73 log®>*¢ |h(z)|) = O(r"+<1log® ¢(r|f(y)|)) steps, as can Line 5.
Observe that if s(z) is the minimal polynomial for 6 over k, then

r

sta)l < (7, ) el <2 IS < CED** ;
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We are now ready to compute fixed fields. Without loss of generality, suppose
that {o1,---,01} are the elements of H. Let ¥a;6;, with a; in k, be an arbitrary
element of L¥. For each o; in H, we have

Eajej = ai(ZajOj) = 2ajcri(0j).

Since the Galois group sends roots of s(z) to roots of s(x), we have 0;(6;) = 6; for some
l. Because the §; are linearly independent over k, the only way the above equation
can be satisfied is if a; = a;. Each element o; in H gives rise to equalities amongst
the a;, which leads to a series of relationships amongst the ;. That is, if a; = a;, then
in LH any expression containing 6; must have 6; appearing with the same coefficient.
Computing all such relationships gives us exactly the fixed field associated with H.
‘We make this precise in the following algorithm:

AvrcoriTuM: CoMPUTE FIXED FIELD

input: § = h(a), an element in k[z]/g(z) whose conjugates form a normal basis for
k[z]/g(z) over k, and {01, --,0,} = H, a subgroup of Galois group G = {o1,--,0s}
of k[z]/g(z) over k.

output: {1, --,7-}, where (k[z]/s(z))¥ = k(y1, -, 7).

Line 1: BEGIN
Line 2:

L1 ifoi(h(@) = o(h(a),
J 0 otherwise;
Line 3: T « transitive closure of (a;;);
Line 4: Let Cy,---,C), be the connected components of the graph given by A:

Y = Zjec;0j(h(a));
Line 5: END.

THEOREM 5.4. Algorithm Compute Fixzed Field computes the fized field of a given
subgroup H. It does so in O(r%log?(r|f(y)|)) steps.

Proof. If K = L¥ then K = k(v1,- -+, %), where the +; are sums of the ;. (Note
that the +; partition the 6;.) In Algorithm Compute Fixed Field, we set up an n x n
matrix (ai;), with I’s on the diagonal, 0’s elsewhere. If o; in H takes 6; to 0, then
ajr and ay; are both assigned a 1. This is shorthand for saying that 6; and 6 appear
with the same coefficient in K.

In Line 2 we set up the matrix. We compute the transitive closure in Line 3.
Then in Line 3 we set up the v;, i = 1,---,n, to be the sum of all the ; that have
the same coefficient. We do this by computing the transitive closure of A. Clearly,
K =k(y, %)

The computation is dominated by the calculations of Line 2 which take O(r? -
rlog® |s(z)[) = O(r® log®(r|f(y)|)) steps since |s(z)| < (r|f(y)])*+e. O

At this point we observe that it is easy to calculate the minimal polynomial for
a primitive [th root of unity. If & = Q, it will be the irreducible factor of ! — 1 of
degree ¢(1). If I(¢) is the minimal polynomial for {; over k, then |I(¢)| < 2¢. If k # Q,
the minimal polynomial is a little more complicated to find, and there may be more
than one choice for it (that is, there are nonconjugate primitive Ith roots of unity in
that case), but the bound on degree and coefficient size remains the same.
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All that remains is to show how to transform a cyclic extension of degree [ over k,
where (;, a primitive lth root of unity, is in k, into a radical extension. The technique
was developed by Lagrange, two centuries ago.

DEFINITION. Let L = k() be a cyclic extension of degree I, and suppose that ¢
is in k. Let o be a generator of G = Gal(L/k). For any element 7 in L, define

1) =T+ GoT+ -+ Cll_lﬂl_l‘r.

The element (¢, 7) is called a Lagrange resolvent.

It is not hard to show that the o’s are linearly independent over k, thus there is
a 7 that makes the Lagrange resolvent nonzero. Such an element will generate L over
k, and in particular will satisfy an irreducible polynomial over k of the form z! — b.
Observe that if 61, - - -, 6; is a normal basis for L, then ((;, 6) is nonzero, and this will
suffice.

ALGORITHM: COMPUTE DENESTING.
input: f(z), an irreducible polynomial of degree n over k, and n, the lem of the indices of the
reducible radical expressions for a.

output: A sequence of fields K;, 7 =1,---,s, and an expression for a, where
1. the expression for a, a root of f(z) in K, that is within one of minimal nesting depth over
k(cl)a

2. and [ =lcm (n, exponent G/DG, exponent DG/D?G, - - -, exponent D°~1G/D*@G), and ¢
is a primitive lth root of unity.

Line 1: BEGIN

Line 2: Compute L, the splitting field of f(z) over k;
Line 3: Compute G = Galois group of L over k;
Line 4: D° « G;

Line 5: 7+ 0

Line 6: WHILE D'G # {e} Do:

Line 7: BEGIN
Line 8: i—1i+1;
Line 9: D'« (o106~ 17! | 0,7 € D'G)

Line 10: END;

Line 11: [« lcm (n, exponent G/DG, exponent DG/D?G, - - -,
exponent D*~1G/D*QG);

Line 12: Find I(z), minimal polynomial for {; over k;

Line 13: Ko « k(¢1);

Line 14: FOR i =1 TO s DO:

Line 15: BEGIN )

Line 16: L; — LP*C,

Line 17: K; — Li({);

Line 18: Write D*~1G/D*G as a product of cyclic groups,
Jix X - X Jiggs

Line 19: For j =1 1O t; DO:

Line 20: BEGIN

Line 21: Jij «— {e} x -+~ x {e} x Jij x {e} x ---{e} C D*"1G/D*G;

Line 22: Lij — L},

Line 23: K;j «— Li;($1);

Line 24: lij — [Kij : K1)

Line 25: Compute a normal basis for K;; over K;_1,

Oij1s- -5 0i41;5

Line 26: Pick 0(i5), & generator of jij;

Line 27: Bij — (Cuy;+0i51);

Line 28: K'ij — Ki—l(ﬂij);

Line 29: END;

Line 30: K; «— Ki—1(Bi1, -+, Bit;);
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Line 31: END;
Line 32: Express a in Kj;
Line 33: END.

THEOREM 5.5. Let f(z) of degree m be the minimal polynomial for a, a nested
radical over k, and let L be the splitting field f(x) over k, with Galois group G.
Let D'G represent the ith commutator subgroup of G, with D*°G = {e}, and let
I = lem (n, ezponent G/DG,- - -, exponent D*"1G/D*G). On input f(z), Algorithm
Compute Denesting computes a denesting of o that is within depth one of optimal over
k(G;), where ¢ is a primitive lth root of unity. It does so in O(r'2*<log*t*(r|f(y)|))
steps, where r is the order of the Galois group G.

Proof. As always, we prove correctness, then analyze running time. We want a
minimal depth denesting for a. By Theorem 4.7 there is a denesting of o over k((;)
that is within depth one of minimal and which has each of its terms lying in L((;),
where L is the splitting field of the minimal polynomial of « over k.

Thus what we must do is calculate L, the splitting field of f(z) over k, G, its
Galois group, the derived series, and [, the lem of the indices of the reducible radicals
in the original exression for «, and the exponents of the derived series. Then if
L, C Ly C--- C L; D L(e) is a series of abelian extensions, so is K3 = L;1((;) C
Ly = ko(¢)) C -+ C K; = Lg({;) by Lemma 4.6. More to the point, by Lemma 4.6
K is a composite of radical extensions of K;_; for each i. In particular, o will have
an expression that is within one of minimal nesting depth in K.

In Line 2 we calculate the Galois group. It is straightforward to compute G, its
derived series, the exponent [. This takes us to Line 12. Line 13 simply begins the
process that will create the fields K; = L;((;) by setting Ko = k({;)-

In Line 16 we compute the fields L; = LP"¢, which correspond to the subgroups of
the derived series. In Line 16 we create the corresponding tower of fields K; = L;((;).
What we need to do next is compute the tower of fields K; and express them as radical
extensions.

We begin by computing the groups D'G/D'"'G as a product of cyclic groups
Ji1 X+ -+ x Jit,. The we cycle through and compute first the groups J;; = {e} x {e} x
Ji; x {€} x +--{e}, and then the fixed field associated with each such J;;, L;j. By
Lemma 4.6, the field calculated in Line 23, K;; = L;;((;) is a radical extension of
L;_;. In Line 25 we compute the normal basis 6;1,---,0;, for K;; over K;_1, and
in Line 26 we pick an element from the associated Galois groups jij. The element

Bij = 0ij, +Qu,; af?&h 4. ‘+§ll:j_la,~j9i1 for some ordering of the 6’s. Since the 8’s are
linearly independent, the element is perforce nonzero, hence by the theory of Lagrange
resolvents, generates K;; over K;_;. In particular, 3;; satisfies an irreducible cyclic
polynomial over K;_;.

How long does the computation take? We claim no more than
O(r'2*¢log" (r| f(y)|)) steps, where r = [L : k]. Certainly the computations in Lines
1-11 are dominated by the time it takes to compute the Galois group; by Theorem 5.1,
that can done in O(r12+¢1log®*¢(r2|f(y)|)) steps. Lines 12 and 13 are a simple compu-
tation (even when k # Q). We run through the loop in Lines 14-29 at most O(logr)
times. Its running time is dominated by Line 25, which takes O(r®t<log®™ |f(y)|)
steps. The computation in Line 32 takes no time at all.

To simplify the computations, we view the fields K; as simple extensions of K,
and do the computation in terms of a primitive element, with minimal polynomial
9ij(t) over k. However, since what we want is a basis for L with a minimal depth of
nesting, we will store two different bases for K;;; one with the §;; that come from
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the computations, and then K;; = k[t]/g;;(t) written as an extension by a primitive
element. We do not run into coefficient blowup in computing g;;(t) because each of
the fields K;; can be viewed as a subfield of L({;). (In the interests of making the
algorithm as clear as possible, we have not included those fine points in the algorithm.)
]

We have presented the running time analysis for the algorithm over Q. The only
reason for that is simplicity. The only requirement for the base field is that one needs
to be able to factor polynomials over k. Theorem A.4 shows how a factorization over
k can be raised to a factorization over k(a). We can generalize Algorithm Compute
Polynomial to compute a minimal polynomial for o over k. Of course, we can gener-
alize Theorem 5.1, and Algorithms Compute Fixed Field and Compute Denesting.

Note also that the running time for Algorithm Compute Denesting can be simply
stated as the time required to compute the splitting field of f(x) over @, which is in
turn the time needed to factor f(z) over its splitting field.

6. Conclusions. A number of open questions remain.

e Can the bound in Theorem 4.7 be made optimal, that is, can we improve it
to s < t without involving the form of the input (as per Corollary 4.8)7 What
is the trade-off between this and the roots of unity?

e Suppose « is a nested radical over a field k, and suppose there is a denesting
expression for « involving roots of unity. When is there a way to transform
that to an expression of the same depth which avoids using the roots of unity?
(The expression

VB —5/2=(;~1/¢

makes it clear it that will not always be possible to do so.)
Our algorithm is not fast. Thus the other important issue in this problem is
speed. We have several comments regarding this.

e Is there a way to perform these computations via a straightline program? The
encoding in the straightline version would avoid the problem of coefficient
blowup. The main difficulty seems to be in computing the Galois group. We
do not see how to determine the group without determining both f(z), the
minimal polynomial of « over k, and the splitting field of f(z) over k. If a
way could be found around these problems, then the entire algorithm could
be sped up. We do not think this will be easy. In particular, it is likely that
any technique that works here will also work to determine the Galois group in
the solvable case. No polynomial time algorithms are presently known, and
this would be a surprising and exciting breakthrough.

e It is important to remember that the bounds given here are really upper
bounds. The running time is exponential if and only if the splitting field is
of exponential degree over k. If the degree of the splitting field is polyno-
mially bounded, then so is the running time of the algorithm. Recall also
that nearly all of the bounds follow from the factoring bound given in [11],
and that bound is almost certainly not optimal. It is important to remember
that what is theoretically slow may be practically fast, and vice versa. In
particular, the exponential time polynomial factorization algorithm of [9] is
more practical than any of the current polynomial time algorithms for poly-
nomial factorization. Any improvements in the running time for factoring
polynomials will lead to great improvements in our bounds.
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e QOur algorithm does not specifically examine the issue of determining if the
expression equals zero. (We answer it, of course, in computing the minimal
polynomial for a over k, but not efficiently.) Examining it leads to some
interesting open questions on linear combinations of nested radicals. The
case of nested square roots was treated by Borodin, Fagin, Hopcroft, and
Tompa [3].

A. Appendix. Aswe stated earlier, we can view a nested radical a as a sequence
of polynomials $;,§ in k[z1,- -, Zm—1] such that

(4) oy = /P, fr €k,
(5) az = "{/pa(a1),
(6) az = "/ p3(a, az),

(7)

(8) Am =6(a17""am—1)+ n'Vﬁm(ala"')am—l))

with a = a,,,. We show how to compute the minimal polynomial of a = a,, over k.
This  polynomial is polynomial size in =n = IIn;, [,
[1g(z1, -+, ®m—1)||, and ||p;(x1,- -+, x;—1)||. Whether or not the minimal polynomial

is polynomial in the length of the expression for « is an open question.

We begin with some background. In particular, we define the size of a polynomial
over Z, and over an algebraic number field, and quote some important results on
polynomial factorization in these domains.

DEFINITION. Let f(z) = anz™ + an—12" ! + - + ag be a polynomial in Z|[z].
The size of f(z), denoted |f(x)], is defined to be (Za?)!/2.

THEOREM A.1 (Mignotte [12]). Let f(t) be a primitive polynomial in Z|t], and
let g(t), also primitive, be a factor of f(t). Then |g(t)| < 2|f(t)|.

DEFINITION. Let A(z1,: -, %n) = hay,cepn @70 -T2+ 4 Ry o, @7t - T8t be
a polynomial over Ok[z1, -, Z,]. Then the size of h(zx1,- -, x,), which we will denote

by (s, -zl is (DA, ., )2

THEOREM A.2 (Lenstra, Lenstra, and Lovész [11]). Let g(t) = ant™ + -+ + ao
be a primitive polynomial of degree n over Z[t|. There is an algorithm to factor g(t)
into irreducible factors over Z[t], which requires O(n®t€ + n*+<log?*¢|g(t)|) steps.

DEFINITION. Let (3 be an algebraic number. We define the size of 3, written ||3||,
to be the maximum of the absolute values of the conjugates of 5.

DEFINITION. Let g(¢f) be a monic irreducible polynomial over Z, with roots
o1, 0. If f(2) = Bpa™ + -+ + By, with §; = E;.”:“Olbijaj, then the size of f(z),

written || f(z)||, is defined to be the max; (X7 'b2,)Y/2.

THEOREM A.3 (Weinberger and Rothschild [16]). Let g(t) be a monic irreducible
polynomial of degree m over Z, and let K = Q|t]/g(t). Let B be a root of f(z), a
polynomial in Ok [x]. Then ||B|| <1+ ||f(z)||. Assume that f(z) is monic, and that
h(z) = hyx"+- - hg is a factor of f(z) in Ok[z]. Then ||h(z)|| < m||f(x)||(m|g(t)])™.

THEOREM A .4 (Landau [6]). Let g(t) be a monic irreducible polynomial of degree
m over Z, and let K = Qt]/g(t). Let f(z) be a polynomial of degree n over Ok.
Then there is an algorithm to factor f(x) into irreducible factors over Ok. It runs in
O(m**<n™*+<log? |g(t)| log> (|| f ()| (ml|g(t) )" (mn)"™)) steps.

In order to calculate the minimal polynomial for « over k, we introduce two
important concepts from number theory: the norm and the resultant. The norm
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relates elements in extension fields to elements in the base field. Let 8 = ag + a1y +
“+++ @y —17™ ! be an element of the field k(y). Then

Normi(y)/k(8) = Ni(yy/e(8) = Mi(ao + aryi + -+ - + am—177""),

where the product is over the conjugates of . If o is an element of the Galois group
of the minimal polynomial of -y over k, then o(y) = 7; for some conjugate ~; of ~.
Then

0 (Nk/k(B)) = 05(Ii(ao + a1% + -+ @m—17" ™))
=ILioj(ao + a1y +--- + am—l’ﬁn_l)
=Ti(ao + a1% + -+ + am_17" 1)
= Ni(y)/k(0)-

Since o; just permutes the ~;’s, we conclude that N(f) is in k. Further, the norm
is multiplicative. We can extend the definition of norm to include polynomials, by
thinking of f(z) in k(v)[z] as a polynomial in two variables: = and v, and we denote
it by f,(z). Then

Nk('y)/k(f(w)) = Hif% (1‘)

If f(z) is in k(7)[z], then the norm of f(z), Ni(y)/x(f(2)), is in k[z]. We will need
the following important property of norms of polynomials.

LEMMA A.5 (Weyl [17], Trager [15]). If f(z) is an irreducible polynomial over
k(7), then Normya)/k(f(x)) is the power of an irreducible polynomial over k.

How do we calculate the norm of a polynomial? The coeflicients of the norm
are all symmetric functions in ;. A simple algorithm for computing norms using
determinants has been known since the nineteenth century; this is the resultant.
Let g(t) = gmt™ + gm-1t™"1 + -+ + go, and f(t) = fnt™ + --- + to. We define
Resi(g(t), f(t)) =

I 0 0o - 0 Im 0 0 0
fn—l fn o -- 0 9m—1 9m 0 0
fn—2 fn—l fn ce 0 Im—2 Im—1 9m 0

fO fl f2 T fm—l 9m-—n Gm-n+1 GGm-n+2 °° ZGm

0 0 -+ 0 fo 0 0 0 g

The coefficients g;,f; = 0 whenever i,j < 0, respectively. It can be shown that
Resa(9(2), (z)) = gnIIf (7). Thus N{(f(z)) = I1f,, () = (Resq(g(t), f(=,1)))/g,
where f(z,t) is f(z) with t’s substituted in for 4’s, and g(¢) is the minimal polynomial
for v over k.

The nesting expressions for « in (4)-(8) is general, but cumbersome. Instead of
multivariate polynomials §, p;, we would prefer to have univariate polynomials ¢, p;.
We can do this by using Lemma, A.6.
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LEMMA A.6 (Trager [15]). Suppose [k(a,B) : k(a)] = n, and [k(a) : k] = m.
Then there is a c < (mn)? such that k(c, 8) = k(a+cB). If h(z) is the minimal polyno-
mial for B over k(a), then k(a, B) ~ k(z|/H(x) whenever H(x) = Normyq)k(h(z —
ca)) is square-free.

LEMMA A.7 (Landau [6]). Let k,a,(,c,m, and n be as above. If g(x) is the
minimal polynomial for a over @, then H(z), the minimal polynomial for oo+ cB over
Q, has coefficients no larger than (c|g(z)|||h(z)||)™t™.

Thus for each «; there is an associated «;, with 73 = a3, and v; = a; + ¢ivi-1.
Then k(ai,--+,a;) = k(v;). The multivariate polynomials in (4)—(8), §, pi, can be
replaced by univariate polynomials g, p;, and a nesting expression can be more simply
written as:

o = {/p_l’ p1 € k’
az = "¥/p2(m),m = au,

= "}/p3(12),72 = a2z + cam1,

Oy = Q(’Ym—l) + " pm(’)/m—l)a’)/m—-l = Qm-1+ Cm—1Tm-2,

with the ¢; < (IIj<;n;)?. Lemma A.6 gives a method for computing the minimal
polynomial of «; over k. We will show how to compute these polynomials in Algorithm
Compute Polynomial, where we also compute f(z), the minimal polynomial for a over
k. We will first sketch the idea behind the algorithm.

It is easy to see what the minimal polynomial for a; over k is. Suppose p;(z) is a
dth power of an element in k, say, p1, and let d be the largest integer dividing n, for
which this statement is true. If we let a; = n;/d, then /p; = %/P1, and o satisfies
fi(z) = z° — p;. If this polynomial is irreducible, we are done. We could factor to
check irreduciblity, but a more efficient test would be to use the criterion of Theorem
2.9. If the conditions of Theorem 2.9 are not satisfied (i.e., 4 | a1, {4, is not in k&,
p1 = —4j* for some j in k), then £% — p, is reducible. In this situation, we do factor

a1 —py = [Ij;(z), and set fi(z) to be the j;(x) for which j;(p1) = 0. Of course, g;(t),
the minimal polynomial for °{/p,(q) over k, is equal to fi(t).

To compute the minimal polynomial for as over k, we do nearly the same com-
putation. We find d, the largest integer dividing no such that pz(al is a dth power
of an element in k(v1), say, p2(q). Again, az = na/d, "%/P2(a1) = 3/p2(q), and
satisfies %2 — pa(y1). We check irreducibility as before, and set fz(.'L') equal to the
minimal polynomial of ay over k(vy;). By Lemma A.5, the polynomial

52() = Ni(y,)/6(f2(2)) = Rest(t™ — p1(q), fa(z,t))

is a power of an irreducible polynomial over k which oo satisfies. If ho(x) is that
polynomial, then hy(z) = sao(z)/ ged(s2(x), sh(x))-

Next we compute the minimal polynomial of v2 over k. (Note that that is really
equivalent to computing a primitive element of k(y;,az) over k.) By Lemma A.6, it
suffices to find a cy such that ga(t) = Ni(y,)/k(f2(t — c271)) is square-free, and there
is a ¢ < (aja)? that will work. We calculate the norm by

Ni(ya)/k(h2(t — ca71)) = Resy(91(y), ha(t — c2y,v)),

thinking of hs(t) in k(1) as a polynomial in ¢ and y in k[t,y]/g91(y).
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At this point, the pattern begins to emerge. We are first calculating the minimal
polynomial of a; over k(7y;—1), either % — p;(v;—1), or a divisor of it. Call it f;(z).
Then s;(x) = Rest(gi—1(t), fi(z,t)) is the power of an irreducible polynomial over
k, hi(z) = si(z)/ ged(si(z), sj(z)). We then compute a primitive element of k(vy;) =
k(vi-1,0;) over k. We do that by finding a ¢; such that g;(t) = Ni(y,_,)/x(fi(t —
¢ivi—1)) is square-free. We are then ready to repeat the process.

ALGORITHM: COMPUTE POLYNOMIAL.

input: (qi(zla e )zi—l)vni)ﬁi(ml) e awi—l)))": = 1, ceem, where o1 = n*/ﬁlaa2 = ni/ ﬁ2(alaa2)a Tty
a=om=q§z1, Tm-1)+ "%/Pm(a1, -, 0m-1).

output: f(z), the minimal polynomial of a over k, and g;(t), where k(a1,---,a;) ~ k[t]/g:(t) for
i=1,..-,m, and n =lcm of the indices of the reducible radicals p;.

Line 1: BEGIN

Line 2: Compute minimal polynomial for p1, and call it hy(z), f1(z);
Line 3:  g1(t) «— f1(t);

Line 4: n « 1;

Line 5: Fori=2Tom—1Do:

Line 6: BEGIN
Line 7: Express a1, -+, ai—1 as elements in k[t]/g;—1(t)
and Rewrite p;(a1, -+, ai—1) as p;i(t);
Line 8: Find f;(z), minimal polynomial for p;(t) over k[t]/g;—1(t);
Line 9: Write “a; satisfies f;(t) over k[t]/gi—1(t)";

(This is either ™ — p;(t), or a divisor of it;
we will pick a divisor of minimal degree.)

Line 10: If p; is a reducible radical, n « lecm(n;,n);

Line 11: si(z) « Rest(gi—1(t), fi(x));

Line 12: hi(z) « si(z)/ ged(s;(x), s} (x));

Line 13: Find ¢; such that g;(t) « Resy(g:—1(y), fi(t — c;y,y))

is square-free;
Line 14: END;
Line 15:  Rewrite pm(a1,  +,am—1) as pm(t),
and rewrite g(a, -+, m—1) as g(t);
Line 16:  Find fm(z), minimal polynomial for ¢(t) + "% /pm(t)
over k(t]/gm-1(t);
(This is either (z — §(t))™™ — Pm(t), or a divisor of it.)
Line 17:  spm(z) «— Rest(gm-1(), fm());
Line 18: f(z) « sm(z)/ gcd(sm(z), sh, ());
Line 19: Find ¢y, such that gm «— Rest(gm—1(y), fm(t — cmy,y))
is square-free;
Line 20: END.

THEOREM A.8. On input the sequence ay = "YP1,"+,Qm = G(a1, **,m-1) +
"’{/ﬁm(al, “++,Qum—1), where the P;, G are polynomials in Ok[z1,- -+, &m] fori=2,---,
m, and Py is in Ok, the Algorithm Compute Polynomial computes f(x), the mini-
mal polynomial for o = oy, over k, and the polynomials ¢;(t), i = 1,---,m, where
k(oq, -, 05) ~ k[t]/gi(t). It does so in O(n?' log*T¢(AP)) steps, where A=max; ||o]|,
and P = max(||pi(x1, -, zi-1)|], [1g(z1, -, Tm-1)]])-

Proof. As usual, we begin with a proof of correctness. We will prove that g;(¢) in
Og[t] is an irreducible polynomial generating k(ai,---,®;), i.e., that k(a, -+, a;) ~
k[t]/gi(t), that f;(z) is the minimal polynomial of a; over k[t]/g;—1(t), and that h;(t)
is the minimal polynomial for o; over k.

That f1(z), hi(z), and ¢1(t) calculated in Lines 2 and 3 satisfy these conditions
is clear. We prove by induction that the f;(z), h;(z), and g;(t) calculated in Lines
4-14 do so also. It is clear that o; satisfies % — p;(t). By using the criterion of
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Theorem 2.9, and factoring if necessary, we find f;(z), the minimal polynomial of «;
over k[t]/gi—1(t).

Since  g¢;—1(t) generates k(aq,---,a;—1) over k, we have that
Resi(9i-1(t), fi(x)) = Ni(as,-,ai1)/k(fi()) is a polynomial over k which «; sat-
isfies. Furthermore, by Lemma A.5, s;(z) = Rest(g;-1(t), fi(z)) is the power of an
irreducible polynomial over k. Thus h;(z) is the minimal polynomial of o; over k.
Finally, by Lemma A.6, the g;(¢) calculated in Line 13 is the minimal polynomial of
a; + ¢;¥i—1, where ;1 is a root of g;_1(t), and thus generates k(ay, - -, a;), that is,
k(aa, -, a;) = k[t]/gi(2).

How long does the computation take? In order to discuss the time issue, we need
to know how big the coefficients of f;(z), s;(x), hi(x), and g;(t) can be. We analyze
that first. Our bounds are not tight, but are chosen for the relative simplicity of the
analysis.

Let n = degree (f(z)),and let A = max; ||a;||. Observe that h;(z) has root a;
over k, and that thus each coefficient of h;(x) is less than 2"||a;||™ by the binomial
theorem. Therefore |h;(z)| < (n(2"||as||™)?)'/? < (2A4)"t€. Then v; = ¢; -+~ iy +
€1+ Ci—1aa+- -+ a;_1, artoot of g;(t), is less than n?" A, and the coefficients of g;(t)
are less than 2"(n2"A)". Thus |g;(t)| < (n(2"(n?".A)")2)1/2 < (nA)4n’+e,

It is easy to analyze the size of s;(z). Observe that all the irreducible factors of
si(z) appear in h;(z). Thus |s;(z)| < 2"|hi(z)|" < (44)"+<.

Finally we are ready to tackle f;(z). Rewriting p;(cs, -, i—1) as p;(t) will
increase the coefficient size only slightly. This is because all we are doing is a
matrix computation. Let N; = IIj<;n;. The coefficients of f;(x) are bounded by
(Igs@)lIBs(, -+, msma)[)Vs N3t < mLAL 4| ]|

The running time of the algorithm is dominated by the factorizations of Lines 2,
8, 11, 13, and 16. The factorizations of Lines 8 and 16 are over algebraic extensions
of k, and are thus most expensive. They take at most

O(n®*n™* log? (n. A1) log?*< (LA™ +¢| B[ (n(n.A) )" (n?)"))
< O(n20+e 10g4+5(AP))

steps, where P = max(||p;(z1,--,2i—1)||,||G@(z1, - s Zm-1)|[). The loop is repeated
at most m times, hence the bound in the theorem. a
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GOSSIPING IN MINIMAL TIME*
DAVID W. KRUMME!, GEORGE CYBENKO#, AND K. N. VENKATARAMAN}

Abstract. The gossip problem involves communicating a unique item from each node in a graph
to every other node. This paper studies the minimum time required to do this under the weakest
model of parallel communication, which allows each node to participate in just one communication
at a time as either sender or receiver. A number of topologies are studied, including the complete
graph, grids, hypercubes, and rings. Definitive new optimal time algorithms are derived for complete
graphs, rings, regular grids, and toroidal grids that significantly extend existing results. In particular,
an open problem about minimum time gossiping in complete graphs is settled. Specifically, for a
graph with N nodes, at least logp N communication steps, where the logarithm is in the base of
the golden ratio p, are required by any algorithm under the weakest model of communication. This
bound, which is approximately 1.44log, N, can be realized for some networks and so the result is
optimal.

Key words. gossiping, broadcasting

AMS(MOS) subject classifications. 68Q20, 68R10

1. Introduction. Gossiping generally refers to the process of distributed infor-
mation dissemination and can easily be described in graph-theoretic terms. Each
node in a graph initially contains a unique piece of information to be communicated
to all other nodes. At each time step, a node can only communicate with those nodes
that share an edge with it. Information can be combined between communications.
Variants of the gossip problem involve the minimal total number of communications
and the minimal total time required. Different models of communication have been
proposed. Known results about gossiping are summarized in a 1988 survey paper by
Hedetniemi, Hedetniemi, and Liestman [16].

In this paper, we study gossiping in minimum time under the weakest model of
communication and derive a number of optimal results for various graph families.
Our motivation for studying this problem is threefold and stems from the identifi-
cation between multiprocessor interconnection schemes and graphs. First, gossiping
challenges the data throughput capabilities of any interconnection graph while at the
same time it is a model for a number of parallel communications problems. Second,
minimum time solutions for gossiping provide lower bounds for the communication
complexity of algorithms for a large class of problems. Finally, the efficiency of an
optimal time algorithm for gossiping on a particular topology is a useful measure of
that graph’s parallel communication capability when viewed as an interconnection
scheme. As such, it introduces what we believe to be a valuable metric in evaluating
multiprocessor interconnection networks.

1.1. The gossip problem. Our interest in the gossip problem stems from its
relationship to communications problems in distributed memory multiprocessor sys-
tems. Distributed memory multiprocessors share data by passing messages along
dedicated channels that connect pairs of processors. A prototypical example is the
commercially successful binary hypercube architecture [15], [25]. These architectures

* Received by the editors March 16, 1988; accepted for publication (in revised form) February
20, 1991. This work was partially supported by Office of Naval Research contract N00014-87-K-0182
and National Science Foundation grant DCR-8619103.
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are idealized as graphs where nodes are processors with local memories and edges are
direct communication channels. Any pair of processors can communicate but if they
are not neighbors then messages have to be routed through the network and the time
required is, to the first order, proportional to the length of the route used. Although
our original motivation for studying gossiping came from working with multiprocessor
systems, we use the language of graphs to simplify and generalize our discussions and
results.

The gossip problem is easy to formalize. Each node in a graph has a token, or
unit of data, that needs to be communicated to all other nodes in the graph. Tokens
can be combined so that all communications involve constant time. The time needed
for combining is irrelevant and treated as zero. A formal definition is simply stated:

Initialization: Let G = (V, E) be a graph (interconnection net-
work). With each node v, associate an initial singleton set S(v)
(the initial data). These initial singleton sets are disjoint.

Allowable Steps: Each node can send its set to a neighbor or
neighbors and/or receive a set from a neighbor or neighbors
depending on the model of communication used. After receiving
any sets, nodes take the union of their existing sets with all sets
received at that step, thus forming new sets for the next step.

Final State: All nodes must have the same sets locally, containing
all elements in the initial singleton sets.

The only unspecified ingredient in the gossip problem as described above is the
model of what a feasible communication is. There are two independent parameters
that we believe can model most distributed memory systems realistically and we re-
strict discussion to them. They are: (a) the degree of a feasible communication step
and (b) the duplex mode of communication channels. The degree of a feasible commu-
nication is the maximal number of simultaneous communication activities allowed at
each node. We assume that this number is either one or the maximal degree possible
(although intermediate situations are surely conceivable) and we refer to these two
models as pairwise and simultaneous, respectively. The duplex mode is either full or
half. This refers to whether simultaneous reading/writing can take place between a
pair of connected nodes (processors).

We will use some abbreviated notation when referring to these models of com-
munication. Specifically, F1 and H1 refer to the full-duplex and half-duplex pairwise
models, respectively—the suffix of 1 indicates that a node can only communicate
with one other node at a time. Similarly, Fx and Hx denote simultaneous communi-
cations models with full-duplex and half-duplex modes so that communication with
any number of neighboring nodes is allowed. This leaves open the possibility of study-
ing models like H2, H3, F2, F'3, and so on with the obvious meaning that Hn allows
n channels to be used simultaneously (see [14] for a discussion of a specific multipro-
cessor design allowing this). The gossip problem for the complete graph under the
Fn model has been studied by Schmitt [24] and, under a restricted version of the Hn
model, by Entringer and Slater [8].

A solution to this problem is just a sequence of feasible communication steps (an
algorithm). Each communication between neighboring pairs of nodes takes one time
unit. Our measure of the complexity of an algorithm for solving this problem is the
number of time units required to complete the algorithm. When we discuss optimal
algorithms we typically mean optimal to within an additive constant number of steps.
However, in some instances we are actually interested in tight optimality, since we are
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interested both in asymptotic complexity and in specific cases representative of real
systems.

We study this problem on basic topologies that include linear arrays, regular and
toroidal grids, rings, hypercubes, and complete graphs. Our results are primarily for
the H1 model of communication, although we do mention results for other models
as well. A recent paper of Bagchi, Hakimi, Mitchem, and Schmeichel [4] contains
conjectures and results for grids, hypercubes, and rings under the H1 model, which
we describe in §§6, 7, and 9, respectively.

One result derived in the paper settles an open problem in the field [8]. (Initial
announcement of it appeared in [28]. Subsequently, Even and Monien [9] discovered
the same result.) Assume the H1 model of communication so that in one time step, a
node can only be engaged in one communication activity (either sending or receiving
with one of its neighbors). Then a lower bound for solving the gossip problem for any
graph consisting of N nodes is'log, N where the logarithm is in the base of the golden
ratio p = (1+/5)/2 so log, N ~ 1.44 log, N = 1.441g N and this bound is optimal.’
To contrast this with some well-known algorithms for the hypercube, note that a
common solution on the hypercube uses 21lg N, which is a constant factor of about
% worse than the optimal solution for an optimally connected graph. A companion
paper to this one shows that 21g N, is not optimal for hypercubes in general; optimal
algorithms for hypercubes in this model of communication are not known.

1.2. Background. There are a number of common situations in multiprocessing
where gossiping occurs. One application is that of global processor synchronization,
or a barrier type of construction [3]. All processors are to suspend execution at a
certain breakpoint, or barrier, until such time as all other processors have reached the
appropriate breakpoints in their executing programs.

The gossip problem is also an abstraction of a large class of distributed com-
putation problems. Suppose that a parallel computation requires both input and
output data to be distributed across the network. If the outputs require all inputs,
then whatever algorithm is used, there is an implicit solution to the gossip problem
in the communication pattern used by the algorithm. Optimal solutions to the gos-
sip problem therefore provide lower bounds on the communication complexity of any
algorithm for performing such a computation. Based on this observation, it should
be evident that the gossip problem thus provides communications lower bounds for
problems such as linear system solving, Discrete Fourier Transform evaluation, and
sorting. For example, consider the problem of inverting a square n X n matrix where
the entries of the matrix are distributed over n? processors. If the inverse matrix is
to have elements distributed likewise, then our results show that under the H1 model
described above, any algorithm running on any interconnection network will require
at least 1.441lgn? = 2log,n communications steps. This should be compared with
algorithms requiring O((logn)?) arithmetic operations for matrix inversion [7], [21].

The study of algorithms for the gossip problem on standard topologies naturally
leads to asking whether there is an effective procedure for finding optimal algorithms
for any interconnection network. We show that for the H1 and F1 models of commu-
nication this problem is NP-complete by a reduction of the broadcast problem of [11]
to the gossip problem studied here. This is discussed in §4.

! Throughout the remainder of this paper we will use log,. n to denote the logarithm of n in the
base r, p = (1 4+ v/5)/2 to denote the golden ratio, and lgn = log, n.
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1.3. Related research. The communication complexity of parallel algorithms is
an area receiving more attention from the research community. The earliest work that
we know of in this direction is due to Gentleman [12], who studied the communication
complexity of matrix computations on grid interconnection networks like that in the
ILLIACIV. Gentleman used what we call the Fx model of communication and showed,
for example, that at least 0.70n communication steps were needed to invert an n x n
matrix stored in an n x n grid.

A variety of communications problems have recently been studied by researchers
interested in optimal routing for data movement problems or specialized communi-
cations. Stout and Wager [27] study several communication problems for the binary
hypercube under the F* model. Saad and Schultz [23] compared the performance
of algorithms for various communications problems on a variety of standard multi-
processor architectures. The model of communication used for distributed memory
architectures is equivalent to the Hx model of this paper. Other recent works on
communication complexity and optimal routing can be found in [2], [5], [22].

Our results on optimal lower bounds for complete interconnection graphs are the
same as lower bounds for semioblivious PRAM machines computing functions with
critical input [6]. Specifically, semioblivious PRAMs require at least 0.5log,n =
0.721gn PRAM-steps to compute a function with critical input. PRAMs allow simul-
taneous reading of memory locations but require serialization of writing, but this does
not match any natural model of interprocessor communication in distributed memory
systems.

1.4. Organization. This paper is organized as follows. Section 2 introduces and
discusses our models of communication in more detail. Section 3 surveys results under
three of the communication models (all but H1). The rest of the paper deals with the
H1 model. Section 4 shows that the derivation of optimal time algorithms for gossiping
on an arbitrary graph using the H1 or the F1 model is NP-complete. Section 5 deals
with the important case of the complete graph. This case is fundamental because
it provides a lower bound on the time required for gossiping on any graph and as
mentioned above it provides lower bounds on the communication required to solve a
large class of distributed computation problems. All of these topics are presented in §5.
Sections 6-10 deal with specific interconnection topologies—linear array, rectangular
grids, toroidal grids, hypercubes, and rings. Section 11 is a discussion.

2. Realistic models of communication cost. In a distributed memory multi-
processor, a communication transaction is an interplay of both hardware and software
activity. As already noted, the H1 model of communication makes the weakest as-
sumptions about both hardware and software capabilities. Detailed discussions of the
relevance of the various models in real multiprocessor systems, such as hypercubes,
can be found in the longer technical reports [19], [20]. We can summarize those obser-
vations by stating that the Hx and Fx models tend to reflect hardware characteristics,
while the H1 and F1 models reflect software characteristics. A real system will reflect
some combination, possibly a complex one, with perhaps either software or hardware
effects dominating.

In the gossip problem it is assumed that tokens may be freely combined and
transmitted as cheaply as one, or in other words, that the time required to transmit
a message is a fixed constant independent of the length of the message. Cases where
such assumptions would be valid include the following: when the messages are small,
for example, if synchronization or control information is being passed, so that the
dependence of transmission time on message size is negligible; when it is possible
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to coalesce the message contents, such as when a global sum or maximum is being
computed; where the transmission hardware or software uses very large packet sizes
as on the first-generation Intel iPSC; and where local per-message overhead is high
enough that actual message transmission time is negligible. Furthermore, results
obtained under this assumption provide a lower bound for the case where transmission
time does depend on message size.

We also assume that communication occurs as if globally synchronized, i.e., at
each discrete time step, one set of communications across links in the network occurs.
It suffices to note that the algorithms we describe can be viewed as self-synchronizing
since the algorithms are deterministic and so each processing node can store the se-
quence of communications required and initiate a transmission only when that trans-
mission’s precedents have been completed.

Of the four models, we consider H1 to be the most important. It is the weakest—
in fact, it represents the minimal communication capability that a loosely coupled
multiprocessor could possibly have. Thus upper bounds developed under the H1
model apply to all models, while lower bounds under H1 serve as upper bounds
for potential lower bounds under other models. It characterizes one real machine
fairly well (the first generation NCUBE), especially for small messages. Algorithms
developed under the H1 model will generally impose the least load on a system since
they represent the smallest use of communication resources.

3. Full-duplex and simultaneous models. Analysis of the problem under the
Fx, Hx, and F1 models is easy for most of the graphs we deal with. In this section
we treat these three models in turn, leaving the H1 model for the rest of the paper.
Before proceeding, we observe that the number of steps required under the H1 model
is no more than twice what is required under the F1 model and no more than a factor
of v times what is required under the Hx model, where v is the maximum degree of
any node. Similarly, the complexity under the F1 model is no more than a factor of
v times the complexity under the Fx model, and under the Hx model it is no more
than twice that under the Fx model. Although this indicates a potential range from
D (the diameter) under Fx to 2vD under H1, we shall find that solutions in close to
D steps are almost always obtained under all four models.

3.1. Full-duplex simultaneous communication (Fx). Under the Fx model,
the gossip problem on any graph has the graph’s diameter as a tight bound: each
node can simply send its tokens to all its neighbors at each step, and the time needed
to gossip will simply be the diameter.

3.2. Full-duplex pairwise communication (F1). For the complete graph
with an even number N of nodes (and for the hypercube of N nodes), the time
to gossip under the F1 model is the same as the time required to broadcast from a
single node, or [lg N; if N is odd, it is [lgN] + 1 [17].

Farley and Proskurowski [10] have carried out an extensive analysis of the gossip
problem under the F1 model for rings and two-dimensional grids, toroidal grids, and
Illiac grids. Their results include the following. For the N-node ring the minimum
time is N/2 (the diameter) if N is even; if N is odd it is [N/2] + 1 (two more than
the diameter). The minimum time for any two-dimensional grid other than the 3 x 3
grid is the diameter of the grid; for the 3 x 3 it is 5 (one more than the diameter).
The minimum time for an N x M toroidal grid is equal to the diameter if N and M
are even, is between 1 and 2 greater than the diameter if just one of N and M is odd,
and is between 2 and 4 greater than the diameter if both are odd. Similar results are
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obtained for the Illiac grid.

For d-dimensional grids and toroidal grids in general, their results indicate that
the minimum time is no greater than 2d plus the diameter. Whether it is possible
to do better than that is an open question; for example, it is not known whether the
3 x 3 x 3 grid can be solved in six steps under the F1 model.

3.3. Half-duplex simultaneous communication (Hx). For any bipartite
graph with diameter D under the Hx model, there is a (D + 1)-step solution to
the gossip problem: two-color the nodes red and black and have red nodes transmit
to all neighbors on even time steps and black nodes do so on odd time steps.

For the complete graph, it takes exactly two steps to solve the problem regardless
of the size of the graph. It is impossible to solve the problem in one step, and for a
two-step solution we just select a subgraph consisting of one node and one edge from
it to every other node and apply the above construction with the first transmissions
going toward the central node.

Since the d-dimensional hypercube is bipartite, the above bipartite approach
yields a (d + 1)-step solution. For d < 2 this is optimal, but for d > 3, solutions
in d steps exist. They are hard to find and describe—for example, there are 236 dif-
ferent three-step strategies to consider on a 3-cube—and we treat them in a separate
paper [18]. One significant result of that work is that for all d > 4, time-invariant
optimal solutions, that is, solutions where the transmissions are the same at each step
exist.

For the d-dimensional grid of diameter D, §7 shows that the problem can be
solved in D steps even under the pairwise model, and this automatically provides an
optimal solution under the simultaneous model.

A ring with an even number of vertices IV is bipartite, and the above bipartite
algorithm gives an optimal solution of (N/2 + 1) steps, one step more than the di-
ameter. (It is impossible to do it in N/2 steps.) With an odd number of vertices,
the following modified version can be used. On each step, one link is omitted from
involvement, the choice of which link to omit proceeding around the ring one step at
a time. The other links participate in the basic bipartite pattern, where directions
are chosen so that each node alternates sending and receiving. This yields a solution
taking (N — 1)/2 + 2 steps, two steps more than the diameter.

For the d-dimensional toroidal grid the same construction can be used. In each
dimension where the size is odd, the pattern must be modified as with the ring, where
the omitted links are chosen with matching coordinates so that they form entire rows
or columns (or hyperplanes). This yields solutions that take (D + k + 1) steps, where
k is the number of dimensions where the size is odd.

The rest of this paper is devoted to the half-duplex pairwise (H1) model, the
analysis of which yields a surprising richness of nontrivial and interesting problems
and results.

4. Complexity of finding optimal solutions. In this section we demonstrate
that the problem of finding time-optimal algorithms for gossiping is NP-complete
under either the H1 or the F1 model of communication. This result serves to justify the
detail required to find optimal algorithms for specific interconnections. Our reduction
uses the Minimum Broadcast Time Problem as described by Garey and Johnson [11]
giving the result for the H1 model, which we then show can be modified to yield the
same result for F1. We also need a simple result about reversibility when using the
H1 model. First, we restate the Minimum Broadcast Time problem from [11].
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Minimum Broadcast Time Problem (MBTP): Given a graph G = (V, E), a subset
Vo of V, and a positive integer K, can a message that is originally resident on all nodes
in Vj be distributed to all of V in K steps using the H1 model?

This formulation uses our terminology instead of the set and edge formulation in
[11] but the reader can easily verify that the two are precisely the same. The result is
NP-complete even for |Vp| = 1, that is, for broadcasting from a single node. Observe
that any single source broadcast algorithm becomes a single sink gather algorithm
when the sequence of communications is reversed. That is, by running a broadcast
algorithm backwards, we collect tokens from all nodes.

Given an instance of the MBTP involving a graph G = (V, E) and a specified
node v, we construct another graph G* = (V*, E*) that depends on the choice of v
with the property that the MBTP for G and v has a solution using k or fewer steps
if and only if the gossip problem for G* has a solution using 2k + 2 or fewer steps.

The graph G* is constructed as follows. Take two copies of G and connect the
nodes corresponding to v from each copy. This is G*. We denote the two versions of
G by G; and G5 and the two corresponding versions of v by v; and vs.

Suppose that we have a solution to the MBTP for G and v that uses k steps. Run
the algorithm in reverse on each copy of G in G*. That takes k steps. Now all tokens
from G, are at v; and all tokens from G2 are at vo. It takes two steps to exchange
the sets between v; and ve in the H1 model. We then run the MBT algorithm on
each copy of G from vy, and ve. This solves the gossip problem in 2k + 2 steps.

Now assume that we have a solution to the gossip problem that uses s < 2k + 2
steps. Let t be the step after which the last token from G, first reaches vs. Since the
last token reached vo after ¢ steps, all other tokens have already reached vy. Moreover,
all the tokens must have first reached v, by time ¢t — 1 since it takes one time step
to cross from G to Gs. Since this is a solution to the gossip problem using s steps,
that last token to reach vq after ¢ steps must be broadcast to all of G5 in s — t steps.
Hence we have two MBTP candidate algorithms: the gather algorithm that used
t — 1 steps to gather all tokens at v; (when run in reverse, this would be a broadcast
algorithm for G ) and the broadcast algorithm from vs to all of Gy that uses s — ¢
steps. Since ((s —t)+ (¢t —1))/2 = (s —1)/2, one of the algorithms must use no more
than [(s — 1)/2] < k steps.

Thus a solution to the MBTP for G and v in k steps exists if and only if there
is a solution to the gossip problem for G* in 2k + 2 steps. Since the construction of
G* uses only polynomially much resources, we have shown that the minimum-time
gossip problem is NP-complete.

Finally, we observe that in broadcasting from a single node (or collecting to a
single node), the full-duplex capability is useless: there can be no case where the
replacement of a half-duplex transmission by a full-duplex one would improve any of
the above algorithms. Hence the entire above proof can be repeated for the F1 model,
with 2k + 1 being used in place of 2k + 2 because the exchange between v; and v, can
be done in one step.

5. The complete graph. Analysis of the gossip problem for the complete graph
is important because it provides a benchmark for all other graphs. Entringer and
Slater [8] have presented an algorithm that provides an upper bound, and we show
that this algorithm is optimal by deriving a matching lower bound. After presenting
this derivation, we present their algorithm and then discuss some implications for
parallel algorithms.
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5.1. Lower bound. We develop a lower bound by introducing a measure of
aggregation and showing that there are limits on the rate at which that measure
can grow. Given the complete graph with N = 2n vertices vy, v, -, v2,, let us
denote by z;(t) the number of distinct tokens present at v; at any time t. Writing
these values as a vector x = (zy,Z3,-+,Z2,) We can use as our measure the norm

lp(x) = (Zf" :cf)l/p for some suitable 1 < p < oo. (For p = 00, l,(x) = max3™ z;.)
We will choose p so as to maximize the resulting lower bound on the number of steps
required in the complete algorithm.

Let us denote by my,(t) the maximum value that the measure l, can possibly
achieve after ¢ steps and seek a relationship between my(t) and my(t + 1). Our
derivation is based on the following formula.

LEMMA 5.1. If Ay, As,---,As,B1,Ba, -+, B, are positive real numbers, then

A1+A2+"'+As< A;

Bi+Bt—+B, - i B

Proof.

4 Ai 254 Ai
AjSBjm?,x]—j;=>zj:AjS ;Bj max - = I~ < max=". o

B,; ZJ B] - 1 Bi

Step t consists of pairwise communications; assume that the number of tokens

present at the senders and receivers are 81,82, -, 8y and r1,7g,- -+, Ty, respectively.
If M denotes the maximal value of %’ we have
P
P P P
MP = max $1+(s1+m1) +"‘+3ﬁ+(3n+rn).
1<81,r1,82,+,Tn sSS+rl 4+ +sh+rh

Now we apply Lemma 5.1 with A; = s + (s; + ;)" and B; = s} + 7, and at the

same time observe that the maximum is achieved when s; = s = --- = s, and
1 =T9 = -+ = Iy, so that we obtain
P+ (s+r)P
MP =m ( )

Now before considering our choice of p, let us see what the measure says about
how many steps the token exchange will take. Initially, each node has just one token,
so m,(0) = N'/P. Upon completion at time T, each node will have N tokens, so that
my(T) = N®+D/P. By definition of M, we must have m,(T) < MTm,(0), which
yields the following lower bound:

lg N
T>—="——.
T lgM

Now to obtain the best possible lower bound with this approach, we choose p to
maximize T in the above equation. This means that we want to minimize M. Now
define

V(p) = max
(p) (r,8)#(0,0)

<|s|”+ |s+r|”)1/p

|s[P + I[P
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It is immediate that M < V(p), so min, M < min, V(p); it is the latter quantity that
we can find using some properties of vector and matrix norms. (It turns out that
min, M = min, V(p).) Consider the linear operator

(:)-(ut0)
(2)-[11)[:)

Denote the matrix representing F' in this basis by F' also. We need some standard
norm definitions at this point (see [13] for more about the definitions and properties
of these norms). Define the vector p-norm according to:

or in matrix notation,

lzllp = (Isf? + [r[P)*/?  where z = < " ) '

A fundamental fact about vector p-norms is that for 1 <p <ocand 1/p+1/qg =1,
we have

T
|z]l, = max yTz = max L=,
l[yllg=1 y#0 ||yllq

where yT denotes transposition. For a matrix G the matrix p-norm of G is defined as

G
161 = max 1021,
w20 ||z
Now, note that
I1Fll, = V(p)

by these definitions. By a classical theorem of Riesz, log |G|, is a convex function of
p [26, p. 179]. Moreover,

I1Fllp = max [|Fzl,
llellp=1

= max max y Fz
llyllg=1llzll,=1

= max max z FTy
llzllp=1[lyllq=1

= [IF"]l,.

But F and F7T clearly have the same norms since, apart from a basis permutation,
they are the same operator. Thus, for 1/p + 1/q = 1, we have V(p) = V(q). Using
this and the fact that log V'(p) is convex as a function of p, we see that the minimum
value of V(p) is attained for p = 2.

Now we seek the value V(2). Observe that the maximum cannot occur for s = a
(compare, for example, s = 0,7 = 1 with s = 7 = 1), so that we can set z = r/s and
write

B 1+ (1+2?\"?
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Using elementary calculus one can now show that the maximum occurs for z = p— 1,
where p is the golden ratio. Evaluating the formula at that point yields

. Ig N _ &N
T lg/(1+p)/0+ (-1  lgp

Thus we have the following result.
THEOREM 5.2. The gossip problem for the complete graph under the H1 model
of communication requires at least [logp N ] ~ 1.441g N steps, where p is the golden

ratio (1 ++/5)/2.

~ 1.44 lg(N) = log, N.

5.2. An optimal algorithm. In this section we present in our own notation an
optimal algorithm for the gossip problem under the H1 model which was described by
Entringer and Slater [8]. For completeness, we restate the proof of its performance.
The algorithm uses the Fibonacci sequence, which we define by Fy = 0, F; = 1,
Fyy1 = Fy + Fy—q for k > 1.

We assume N is even; if not, choose any one node and send its token to another
site, solve the problem on all nodes but the one, and lastly, send from some site to
the chosen node. Let n = N/2 and label the nodes pg,p1,- -, Pn—1,490,491," "> @n—1
Denote by P; (Q;) the token originating at p; (¢;). Transmit as follows until the token
exchange is complete:

Step 0: Transmit from p; to ¢; for all 4, 0 < ¢ < (n—1).

Step 1: Transmit from g; to p; for all 4, 0 <7 < (n — 1).

Step k, k > 2: If k is even transmit from p; to gi+r,_, for all
i, where + denotes addition modulo n. If k£ is odd, transmit
similarly from g; to p;yp,_, for all .

LEMMA 5.3. After step k > 2, where Fi11 < n, if k is even (odd), for each i, g;
(pi) has the tokens P;,Qi, Pi_1,Qi—1,+, Pi_F 141, Qi—Foyr+1, and p; (¢;) has the
tokens Py, Qi, Pi—1,Qi—1, -, Pi_Fo 41, Qi—Fp41-

Proof. This is easily proved by induction on k. O

THEOREM 5.4. The gossip problem for the complete graph under the H1 model
of communication can be solved in [logp N 1 + 4 steps.

Proof. From the above lemma, it is clear that after step k, nodes p; and g; (k
even) or nodes ¢; and p; (k odd) have 2F} and 2F1 tokens, respectively. Then it can
be seen that when Fj > n, every node has all tokens and the broadcast is finished.
Now the result follows from the well-known inequality Fy > p*~2. O

This algorithm asymptotically takes exactly the same number of steps given by
the lower bound discussed in the preceding section. In fact it achieves at each step very
close to the maximum rate of growth of information as we defined it in establishing
the lower bound, and it solves the broadcast problem efficiently (usually within 1 step
of the lower bound) for all even values of N including small ones.

5.3. Lower bounds for specific problems. As mentioned in the introduction,
the gossip problem provides a lower bound on the communication complexity of al-
gorithms for which all outputs require all inputs. Specifically, suppose we have an
arbitrary interconnection network and we have data distributed over N; nodes, say,
d; at node v; for i = 1,---, N;. Furthermore, suppose that we desire to compute func-
tions f; at nodes w; for j =1,---, Na. These functions are such that f;(dy,---,dn,)
depends explicitly on all data d;. Thus in terms of tokens, we can say that all tokens
at the input nodes must be distributed to all output nodes.
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Following the idea in the proof of Theorem 5.2, note that the initial value of the
aggregate information measure is my(0) = Nl1 /2 and the final aggregate information

measure must be at least N1N2l 2. 1t can be readily verified that the construction
leading up to Theorem 5.2 applies to this case as well, so that a lower bound on the
number of communication steps required to compute the functions is given by

S Ig((N1N2)/2)

- lg M

(lg Ny +1g N2)
2lgp

where p is the golden ratio as before. Note that we made no assumptions about
whether some or all of the input nodes were the same as the output nodes; a slightly
tighter bound can be derived if the input and output nodes are distinct.

This result is interesting to juxtapose against some well-known parallel algo-
rithms. Consider first the computation of the Discrete Fourier Transform on N points.
The Discrete Fourier Transform itself consists of N outputs, each one of which de-
pends explicitly on each input. Thus the above result states that at least 1.441g N
communication steps are required for the computation of the transform using any
algorithm and any architecture, providing of course that the data is distributed as
above. By comparison, the standard approach to parallelizing the Fast Fourier Trans-
form requires 21g N communication steps. Thus from a communications complexity
point of view, the Fast Fourier Transform is a constant factor of about % worse than
the optimal communications algorithm would be. The optimal algorithm from a com-
munications point of view would be the optimal token exchange algorithm described
above for the complete graph followed by a brute force Discrete Fourier Transform
calculation at each output node.

A similar result can be stated for matrix inversion. Suppose that the n? entries
of a matrix are distributed over n? processors. Suppose that we wish to compute the
inverse of the matrix with the entries of the inverse distributed over the n? processors
likewise. Since the entry of every element of the inverse depends on every element of
the original matrix, this leads to a gossip problem on n? processors. It has been known
for some time [7], [21] that the inverse is computable in O(Ig? n) parallel computation
steps. Our results show that at least 2.881gn communication steps are required.

It is clearly possible to obtain bounds on the communication complexity of a large
class of problems for which input data and output are distributed across the nodes of
a distributed memory multiprocessor.

T

?

6. The hypercube. The hypercube is the most difficult of the graphs for which
we have analyzed the gossip problem. Its importance derives from the fact that it is the
topology used in the most commercially successful and widely available multiprocessor
computers. We believe the main reason for the difficulty is its low diameter: for graphs
whose diameter is large relative to their size, it is usually possible to solve the problem
in a number of steps close to the diameter. Since the diameter is a trivial lower bound,
tight upper and lower bounds are typically derivable. However, for graphs with small
diameters, relatively fast solutions are possible in principle, but it becomes difficult
to either find them or find a nontrivial lower bound. The analysis for the complete
graph follows this pattern, while the hypercube proves to be even more difficult.

The best known upper bound for the hypercube using the H1 model follows from
an algorithm presented in another paper [18]. That algorithm is quite complex and
so is not included in this paper, but we will summarize the results.
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We note that there is a large class of algorithms solving the gossip problem on
a d-dimensional hypercube in 2d steps. This class of algorithms has been known to
many hypercube researchers (see, for example, [28], [23], [27]) and we only summarize
it here. Let m;— (m;4+) denote the parallel transmission of tokens from nodes with their
ith bits cleared (set) to their neighbors with their ith bits set (cleared). Let 7 be the
composition of these 2d unique transmissions in any order. The claim is that every
such 7 solves the gossip problem in precisely 2d steps.

This is easy to demonstrate by picking any two nodes from the hypercube, say, o
and 3. These two labels differ in some number of bits and we obtain 3’s label from o
by toggling no more than d of a’s bits. Now 7 effectively involves sending tokens along
each direction of each communications channel in the hypercube at some time, which
can be viewed as toggling bits in labels. Hence some subsequence of transmissions
will result in toggling the bits of a in such a way that 3’s label is obtained.

Furthermore, if 7 is composed of any 2d — 1 or fewer of these transmissions in any
order, then 7 does not perform a complete token exchange. This is because, given an
omitted m;_ or m, one simply looks at the a and 8 that require the toggling of the
bit of a that this omitted transmission corresponds to.

It is tempting to believe that this class of algorithms is optimal for hypercubes.
(This is conjectured in [4].) Surprisingly, it is not. We know from the complete
graph case that the lower bound for a hypercube is at least 1.44d while the above
construction demonstrates the existence of algorithms requiring 2d steps. In [18], an
algorithm for performing token exchange on a nine-dimensional hypercube in only
17 steps is presented showing that 2d is not in fact optimal for all cubes. The nine-
dimensional cube is the smallest cube for which an algorithm using fewer than 2d steps
is known. That algorithm generalizes for larger-dimensioned cubes giving an upper
bound of 1.88d steps and this is the best known for hypercubes. This gap between
1.44d and 1.88d leaves plenty of room for future improvement, but at present we have
no concrete ideas about how to proceed nor do we have strong intuition about which
direction is most fruitful to pursue (that is, whether it is easier to raise the lower
bound or to lower the upper bound).

7. The grid. Multidimensional grids have relatively large diameters, and this
makes it relatively easy to solve the gossip problem optimally (in a number of steps
equal to the diameter of the grid). Farley and Proskurowski [10] showed that two-
dimensional grids other than 3 x 3 are solvable in optimal time under the F1 model.
Recently, Bagchi, Hakimi, Mitchem, and Schmeichel [4] have shown that for n x m
grids under the H1 model where n > 6 and m is even (odd), gossip is possible in one
step (two steps) more than the diameter. They also showed that if m = 2, then gossip
in optimal time is impossible.

In this section we sharpen those results by showing that optimal solutions exist
for all sufficiently large two-dimensional grids, and we extend this result to grids in
an arbitrary number of dimensions. The time to gossip under the H1 model on small
grids is left open, although we are able to show that optimal solutions do not exist
when a multidimensional grid’s size is 2 or 3 in any dimension.

Figure 1(a) shows a communication pattern for the 5 x 5 grid. The numbers
alongside the arrows indicate on which step(s) of the algorithm the indicated com-
munication steps occur. The large solid dots will be called primary points and the
hollow dots secondary points. The reader can verify that tokens present at the pri-
mary points are distributed to all primary points in optimal time. A further property
that will be used in the case of three-dimensional grids is that any token present at a
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Fi1G. 1. Distribution among primary points accomplished in optimal time.

secondary point after the second step is distributed to all primary points by the end.
Similar patterns with these two properties can be constructed for the 6 x 6 grid, as
shown in Fig. 1(b), and for the 5 x 6 grid (not shown).

Given, then, a 9 x 9 or larger two-dimensional grid, if its size is odd in both
dimensions we select a 5 x 5 subgrid exactly centered in the larger grid. If its size
is even in one or two dimensions, we select a centered 5 X 6 or 6 x 6 subgrid. The
reader can easily verify that if K is the distance from a corner of the larger grid to a
corner of the subgrid, it is possible to simultaneously send each token on the grid to
some primary point in K steps. (This is easier to do on larger grids; the 9 x 9 is the
smallest grid where it is easy to do. Observe that each corner point of the subgrid
can collect tokens from a 4 x 4 corner region of the larger grid in four steps.) To solve
the token exchange on the full grid, then, we concentrate all tokens at the primary
points, apply the communication pattern of Fig. 1, and then distribute tokens from
the primary points using the reverse of the pattern that was used to concentrate the
tokens. This gives a solution for any two-dimensional grid containing a 9 x 9 grid in
a number of steps equal to the diameter.

We can extend this result to higher dimensions. Suppose we are given an n; x
ng X -+ X ng grid with all n; > 9. By holding all but the first two coordinates fixed
we define nsny - - -ng independent two-dimensional grids. In parallel, we solve the
problem on those grids in optimal time. Then we hold all but the third and fourth
coordinates fixed and solve the problem optimally on those grids, and so on. If d is
even we are finished after solving d/2 two-dimensional problems, while if d is odd we
must at the end solve a three-dimensional version of the problem.

We can solve the three-dimensional version of the problem in optimal time on any

grid large enough to contain a 9 x 9 x 5 subgrid. For an n; X ng X ng grid, we first
hold the third coordinate fixed and concentrate tokens at the primary points of the
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F1G. 2. Distribution to secondary points throughout the third dimension.

central subgrids of all the n; x ng grids. Now for each pair consisting of a primary
and associated secondary point, consider the 2 x ng subgrid defined by selecting that
pair using all possible values of the third coordinate. After collecting tokens at the
primary points, we apply the ns-step pattern depicted in Fig. 2 on all these grids;
we use this in place of the first step of Fig. 1. This sequence carries tokens from
primary to associated secondary points while distributing the tokens throughout the
third dimension. Lastly, we apply the remainder of the two-dimensional strategy on
all the ny xnq grids. Since the communication pattern in Fig. 1 takes tokens present at
any secondary point to all primary points, we have distributed tokens throughout the
three-dimensional grid in optimal time. We summarize these results in the following
theorem.

THEOREM 7.1. Assuming that d > 2 and n; > 9 for all i, the gossip problem for
the ny X -+ X ng grid under the H1 model of communication is solvable in a number
of steps equal to the diameter of the grid.

For small multidimensional grids the minimum time to gossip is still open. We
can show that the grid’s size cannot be 2 in any dimension if the problem is to be
solved in optimal time. Assume we have an optimal solution for a multidimensional
grid of diameter D whose size in some dimension is 2. Consider neighbors p and ¢
at a corner: points at a distance D from opposite points p and §. The token from
p must reach p in D steps, and thus it must be advanced toward that goal on every
step so that after k steps there is a unique point P(k) at distance k from p that has
received the token. Similarly, there is a unique point Q(k) at distance k from ¢ that
has received the token from ¢ after k steps. Now let K be the unique time such that
the token from q is not present at P(K) after step K and is present at P(K + 1) after
step K + 1. Since step K + 1 is a transmission from P(K) to P(K + 1), the token
from ¢ must be present at P(K +1) after step K. Since P(K +1) is at distance K +1
from p, it is at distance K or more from g; the fact that the token from g is present
there after K steps means that P(K + 1) = Q(K). But this is a contradiction since
the token from ¢ is not advanced from Q(K) on step K + 1.

A similar argument can be used with a grid of diameter D whose size in some
dimension is 3. Let p, g, and 7 be points in a corner with p at distance D from p, g at
distance D from g, and 7 in between p and ¢. Define P(k) and Q(k) as before. Let K,
be the unique time such that the token from r is not present at P(K),) after step K,
and is present at P(Kp+1) after step K, +1, and let K, be the unique time such that
the token from r is not present at Q(K,) after step K, and is present at Q(K, + 1)
after step K, + 1. Reasoning as before, we determine that the token from r travels
distance K}, in optimal time to P(K), + 1), from which point it does not advance on
the next step; and it travels distance K, in optimal time to P(Kg4 + 1), from which
point it does not advance on the next step. Since P(K, + 1) and P(K4 + 1) must be
different points, this is impossible.
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Fi1G. 3. The basic pattern for the toroidal grid.

We have thus determined that for the gossip problem under H1 to be solved in
optimal time, the grid’s size in each dimension must be at least 4. In two dimensions
we have found optimal-time solutions for 7 x 7 and larger grids, which we do not show
because of space limitations. (See [20].) This leaves open the question of optimal-
time solutions for grids between 4 X 4 and 6 x n. In three dimensions the smallest
optimal-time solution we know is the one described above for the 9 x 9 x 5 grid.

8. The toroidal grid. The toroidal grid is obtained from the regular grid by
adding connections that “wrap around” to connect the end points in each dimension.
Formally, an n; X ng X --- X ng toroidal grid has as vertices the points (p1,---,pd)
in d-dimensional Euclidean space where 0 < p; < n; for all 4, and where there is an
edge connecting two points if their coordinates differ in just one component i and
that difference is £1 modulo n;. The diameter of the toroidal grid is half that of the
regular grid, making it much harder to solve the gossip problem in a number of steps
close to the diameter. We show that for d > 2 the gossip problem on a d-dimensional
toroidal grid with diameter D is solvable in D + 18d + 39 steps. (If d = 1 then we
have the degenerate case of a ring that is quite different in nature and that is taken
up in §9.) First we sketch the strategy for the case d = 2, and then we present a
general version for d > 2. These strategies are best suited for grids whose sizes in all
dimensions are divisible by four while adjustments must be made for other sizes.

8.1. The algorithm for two dimensions. The basic pattern for two dimen-
sions is shown in Fig. 3. It uses a cycle of four steps that is repeated indefinitely.
Arcs that have transmissions occurring on the first step of the cycle are labeled with
0, those with transmissions on the second step 1, and so on.

The following properties are evident: (1) Tokens move at maximal speed in both
horizontal and vertical directions. (2) Horizontal lines alternate between right-going
and left-going directions, and vertical lines alternate between up-going and down-
going. (3) A token traveling in one direction will, with a delay of two steps, be picked
up at any node and also begin traveling in the orthogonal direction from that node.
(4) The pattern corresponds to a synchronization of stoplights in a grid of alternating
one-way city streets so that traffic can move forward at constant speed on all streets
simultaneously without ever having to stop at a red light. (The downtown of Tulsa,
Oklahoma has just such an arrangement.)

The optimality of the strategy is apparent from the following observations. Given
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Fi1G. 4. The solution for a 7 X 5 toroidal grid. Hollow points represent emulator and extra
points. Apparently conflicting vertical transmissions at the top are carried out in alternating cycles.

some source node and some target node, the token from the source will, within some
constant number of steps, arrive at a nearby location where the horizontal line is
oriented toward the target. Then it can travel along that horizontal line at a rate
of one step per time unit until it reaches a vertical line that is oriented toward the
target and that passes within one unit of the target. Then, after a delay of 2, it can
proceed along this vertical line at the rate of one unit per time step until it arrives
at a point near the target from which it will reach the target within some constant
number of final steps. Thus the token from an arbitrary source reaches an arbitrary
target in a number of steps equal to the distance between them plus some constant
that is independent of the two-dimensional grid size.

This strategy is most easily implemented on a grid whose horizontal and vertical
sizes are multiples of 4, in which case one can verify that the solution takes at most 18
steps more than the diameter of the grid. The strategy can be modified to handle the
other cases, as can be seen in Fig. 4 for the 7 x 5 toroidal grid. Roughly speaking, the
above strategy is used on as many nodes as possible, leaving at most one line of nodes
in each dimension that violate the consistency of the sequence of transmissions. Those
extra nodes then perform only a subset of transmissions in a way that is consistent with
neighboring nodes’ transmission sequences. The reader is encouraged to generalize the
situation depicted in Fig. 4, while more details can be found in the longer technical
report [20].

8.2. A strategy for arbitrary dimensions. One would hope that toroidal
grids in 3, 4, --- dimensions (with all sizes divisible by 6, 8, ---) could be handled
by transmission patterns with periods of 6, 8, - -+ that propagate tokens at maximal
speed along lines in all directions, directly generalizing the two-dimensional strategy.
Efforts at constructing such strategies have convinced us that no such pattern exists
in three dimensions. Our strategy for grids of larger dimension generalizes the two-
dimensional version in the following, weaker way. We retain the same basic four-step
pattern and we specify transmissions in the horizontal directions exactly as before.
(We base this on a node’s horizontal coordinate coupled with its distance from the
horizontal axis; this specification is formalized in the function T below.) In place of
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Fi1G. 5. The basic pattern for the three-dimensional toroidal grid.
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the vertical lines, we consider hyperplanes orthogonal to the horizontal lines. In each
hyperplane we choose one direction (forward or backward through some dimension)
and provide transmissions in that direction in the same way as in the two-dimensional
version. We choose these dimensions (using function U below) and directions (with
forward and backward pairs) so that as one proceeds along a horizontal line, one
passes all directions and dimensions in a cyclic pattern. Figure 5 shows the pattern for
d = 3. The following description presents the construction precisely, and it includes
the special treatment necessary for sizes that are not multiples of four, treatment
which differs from what was used in the two-dimensional case for sizes not divisible
by four.

We begin with a toroidal n; x -+ X ng grid with d > 2, n; > 8d, and all other
n; > 4. For each i let m; be the largest integer less than or equal to n; that is divisible
by 4. We shall divide the points of the grid into three groups: a point p = (p1,- -, pd)
is a regular point if p; < m; for all 4; it is an emulator point if p; > m, for exactly one
i; otherwise (p; > m; for two or more values of %) it is an extra point. The regular
points form a m; X --- X mq subset of the grid that is the largest one that has a size
divisible by 4 in every dimension. The emulator points lie outside this subgrid on the
lines occupied by the regular points. In general, there may be no emulator and/or
extra points for a particular grid; our constructions work in those cases just as well
(faster, in fact) as when the emulator and extra points are present.

Let U be any bijection from {0,1,---,d—2} to {2,3,---,d}. Now define functions
Q and T:

Qy,2) = z+y(-1)* (mod 4),
T(p) = Q(p1,p2 + - - - + pa).

These two facts about @ are used in the first proof below: Q(y+1,2) = Q(y, 2)+(—1)*
and Q(y,z+1) = Q(y,2) + (-1)Y.

We now define Strategy G for the regular and emulator points. Each regular point
transmits alternately through dimension 1 (called the horizontal direction) and some
other dimension (called the orthogonal direction), with the exact choices determined
by the functions T and U. Specifically, regular point p transmits through dimension
1 at all time steps that are congruent to T'(p) modulo 4; the transmissions go in the
forward direction (toward increasing values of p1) if p2 + - - - + pg is even and they go
in the reverse direction if it is odd. At time steps congruent to T'(p) + 2, p transmits
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in a way determined by p;: if p; is even, p transmits in the forward direction through
dimension

U (%1- (mod d — 1)) ,

and if it is odd p transmits in the reverse direction through dimension

U(*"’lz‘l (rnodd-—l)).

Emulator points, if there are any, occur in groups of one, two, or three along lines
whose other points are regular points. If transmissions along those lines are defined
for the regular points, we extend the transmissions to the emulator points as shown
in Fig. 4. The result is that a token moving toward emulator points crosses from the
last regular point before them to the first regular point after them in at most nine
time steps. (In contrast, if there are no emulator points, this crossing is made in one
time step, so there is an added delay of eight caused by the presence of the emulator
points; this delay can also be expressed as seven more than the distance covered in
the crossing.)

LEMMA 8.1. Strategy G is well defined under the pairwise model of communica-
tion.

Proof. All we must check is that when a point p transmits to its neighbor ¢, ¢
is not supposed to be involved in any other transmission. We assume both p and
q are regular points surrounded by regular points; when they or their neighbors are
emulator or extra points, the proof is similar but easier. We treat the case where both
p1 and pa+- - -+ pg are even; the other cases are similar. (a) For transmissions through
dimension 1, observe that ¢ = (p; +1,p2 + - - - + pg). Now note that T'(¢) = T'(p) + 1,
and thus the strategy specifies transmissions away from ¢ at times congruent modulo
4 to T(p) + 1 and T'(p) + 3, which do not conflict with the transmissions from p to
q at times congruent to T'(p). Regarding transmissions toward g, let us identify all
nodes that transmit toward q: p is the only one that transmits toward g through
dimension 1, and otherwise the dimension of a transmission to ¢ is determined by
p1 + 1. Since all nodes with first coordinate p; + 1 transmit in the same direction,
exactly one such node r transmits to g. Since p; + 1 is odd, the transmission is
in the reverse direction and it occurs at times congruent modulo 4 to T'(r) + 2 =
Qp1+1,po+--+pa+1)+2=T(q) + 1 =T(p) + 2, which causes no conflict with
the transmissions from p to ¢ at times congruent to T'(p). (b) For the transmissions
from p at times congruent to T'(p) + 2 the analysis is similar. The transmissions go to
a point ¢ for which T'(q) = T'(p) + 1. Point ¢ transmits in the same direction at times
congruent to T'(q) + 2 = T(p) + 3, transmits in the reverse direction in dimension
1 at times congruent to T'(¢) = T(p) + 1, and receives from a point r in dimension
1 at times congruent to T'(r) = T(q) — 1 = T'(p). None of these conflicts with the
transmission from p to g at times congruent to T'(p) + 2. O

Now we proceed to solve the gossip problem using Strategy G. We distinguish
between central regular points for which 2 < p; < m; — 2 and boundary regular
points, which are the others. Our solution consists of three phases: compression,
Strategy G, and expansion. The compression phase consists of at most 2d + 2 steps
in which we send all tokens from extra, emulator, and boundary regular points to
central regular points: we simply treat each dimension in turn, and in one or two
steps send each token toward its nearest regular point; for the horizontal dimension,
we go two additional steps so that the tokens are sent to the central regular points.
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In the second phase we perform a complete token exchange among the central regular
points by letting Strategy G run for a suitable number of time steps. Finally, the
expansion phase is the compression run in reverse and it distributes all tokens and
the problem is solved. This leaves us with the problem of determining how Strategy
G solves the token exchange among the central regular points.

We begin with a lemma that captures the essence of the solution. Let the distance
between points = and y be denoted by 6(zx,y).

LEMMA 8.2. Suppose we have regular points p and r meeting either of the follow-
ing conditions: horizontal transmissions at both p and r are in the forward (backward)
direction, and in proceeding forward (backward) horizontally from p one encounters
exactly 2d—2 regular points, including the beginning and ending points, by the time the
horizontal position of r is reached. (This means that if no emulator points intervene,
p and r are separated by a horizontal distance of 2d — 3.) Then under Strategy G, if a
token is present at p at time t where t is congruent to T (p) (i.e., ready for a horizontal
transmission away from p), then the token reaches r by time t + 14d + 10 + 6(p, 7).

Proof. Assume, without loss of generality, that horizontal transmissions at p go
in the forward direction. We shall describe a path by which the token from p reaches
r. The token generally proceeds forward horizontally. Each time it is located at a
node where the transmissions in the orthogonal direction proceed toward r, we check
whether the difference between p and r is even in that coordinate. If even, our path
follows the orthogonal direction to the point where the coordinates match, and then
it proceeds again in the horizontal direction; since the coordinates differ by an even
amount, the path will continue again from there in the forward horizontal direction.
If odd, we note the horizontal coordinate and let the path continue in the horizontal
direction without following the orthogonal direction. When we encounter another
such orthogonal direction representing an odd difference in coordinates, we have our
path go in that direction until reaching the point where the coordinates match. From
there, the transmissions in the horizontal dimension proceed backwards, and we follow
them until reaching the horizontal coordinate that we previously noted. From there
our path proceeds through the orthogonal direction at that point until reaching the
point matching r in that coordinate. From this point, since we once again traveled an
odd distance in the orthogonal direction, the horizontal transmissions will once again
be proceeding in the forward direction, and we continue as at the beginning. The
assumptions ensure that every possible direction will be encountered exactly once,
and since there must be an even number of coordinates (other than the horizontal
coordinate) where p and r differ by an odd amount—this is because the horizontal
lines containing p and r are separated by an even distance—the token will eventually
arrive at r.

Now let us count the number of time steps this process takes. The reader can
verify that the slowest path involves the maximal amount of backward motion: three
forward steps initially, then orthogonal motion, three backward steps, orthogonal
motion, seven forward steps, orthogonal motion, three backward steps, orthogonal
motion, seven forward steps, and so on. We can count steps by charging 0 for a trans-
mission that reduces the distance to the target, 1 for a delay, and 2 for a transmission
that increases the distance to the target, and then adding the distance between p and
r. Each instance of orthogonal motion, then, is charged 4 for initial and final delays
plus 7 for the fact that the orthogonal motion might traverse emulator points. Each
instance of backward motion is charged 6. With d — 1 instances of orthogonal motion
and half that number of backward moves, the total charge is 14(d—1). The horizontal
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motion might cross emulator points up to three times, and this adds up to 24 extra
steps. Thus the time to get from p to r is at most 14d + 10 + 6(p, 7). 0

Now we can establish the time Strategy G takes to exchange tokens among the
central regular points. First observe that if we start at a central regular point p, with
at most two horizontal steps we can proceed orthogonally one step to a regular point
R(p). This is true because at the starting point there might be an extra point in the
place where an orthogonal transmission would be directed, and after one horizontal
step the orthogonals might be in a different dimension and again an extra point
be encountered, but by the second step the orthogonals would have to reverse and
necessarily go to a regular point. Similarly, if ¢ is a central regular point, then a
regular point R(q) exists from which it is possible to reach q with an orthogonal step
followed by 0, 1, or 2 horizontal steps.

Given central regular points p and ¢, we check the horizontal separation between p
and ¢: we will follow the token from p in either the forward or the backward horizontal
direction, according to which yields the shorter path to g. Without loss of generality,
assume the forward direction is used.

Now if the horizontal distance between p and ¢ is large enough, we can calculate
the minimum time for the token from p to reach g as follows. If horizontal trans-
missions from p are in the backward direction, let p = R(p), otherwise let p = p.
It takes up to 10 steps to reach p ready for a horizontal transmission. If horizontal
transmissions from q are in the backward direction, let § = R(q), otherwise let § = q.
By Lemma 8.2, it takes up to 14d + 10 + 6(p, r) additional steps to reach the point r,
which is on the same horizontal line as §. Traveling from r to ¢ forward horizontally
incurs only a delay of two at the beginning—the possibility of crossing emulator points
has already been accounted for in Lemma 8.2. Finally, it takes up to seven steps to
reach g from §. The total is then 14d+29+6(p,§) < 14d+35+6(p, q) < 14d+35+D.

If the horizontal distance between p and ¢ is not large enough that it is possible
to travel, as described above, forward from r toward ¢, then the horizontal distance
between p and ¢ is at most 2d, and using the fact that n; > 8d one can show that the
token from p reaches ¢ in 14d + 33 + D steps. See [20] for details.

Combining the maximum time to distribute tokens among the central regular
points with the 2d + 2 steps for the initial compression and final expansion phases
gives the following result.

THEOREM 8.3. Assuming that d > 2, n; > 8d, and n; > 4 for i > 2, the gossip
problem for the ny X --- X ng toroidal grid under the H1 model of communication is
solvable in D + 18d + 39 steps where D is the diameter of the grid.

9. The ring. The ring with N vertices has diameter | N/2|. Unlike the toroidal
grid where tokens can be sent in different directions along different paths, tokens
must travel both directions around the ring at the same time if we are to approach
an N/2-step solution. Bagchi, Hakimi, Mitchem, and Schmeichel [4] have derived an
upper bound of N/2+ 3vN /2 where N is the square of an even number, establishing
an upper bound of N/2 4+ O(v/N) in general. We sharpen this result by deriving a

general upper bound of |N/2| + [\/ 2N-‘ + 2 in §9.1 and a general lower bound of
IN/2) + [\/21\/} ~1in§9.2.

9.1. Upper bound. Consider a ring with N vertices vg,v1,--+,vn-1, and for
convenience define v; = Vimoan) for i < 0 and i > N. We will define values 0 <
§1 < 83 < -+ < sp < N, nearly evenly spaced around the ring and with ample
space between them, and use them in this way. Initially we let both vs;, — v,s; 1 and
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F1G. 6. An optimal solution for the 18-node ring.

Vs;+1 — Vs;+2 ab £ =0, for all 1 < j < P. For the rest of the strategy we propagate
the transmissions in the following sense. If v; receives from v;_; at time ¢ and if v; 41
and v;42 were not involved in transmissions at time ¢, then at time ¢t 41 let v; — v;41.
Similarly, if v; receives from v;41 at time ¢ and if v;_; and v;_o were not involved in
transmissions at time ¢, then at time ¢+ 1 let v; — v;_;. Otherwise we recognize two
other possibilities: a good crossing where at time t, v; receives from v;_; and v;41
receives from v;42, and a bad crossing where at time t, v; receives from v;_; and v;42
receives from v; 3. (In general, other cases might occur but they do not arise in our
strategy.) For a good crossing we let v;11 — v; at time ¢t + 1, v; — v;4; at time
t+ 2, and both v;1; — v;42 and v; — v;_; at time t + 3. For a bad crossing we let
Vit+2 — Uijy1 at time ¢t + 1, v;41 — v; at time ¢t + 2, v; — v;41 at time ¢ + 3, and both
Vit+1 — Viy2 and v; — v, at time t + 4.

It can be seen that the above propagation technique carries groups of tokens
forward and backward around the ring simultaneously, even when crossings occur.
We visualize buckets moving forward and backward around the ring, picking up one
token at each node and moving the accumulated collection forward. All buckets move
at the same speed except that they are delayed when forward- and backward-moving
buckets experience crossings. Backward-moving buckets are always delayed by one
time step in a crossing, while forward-moving buckets are delayed one time step in a
good crossing and two time steps in a bad crossing. The idea of the strategy is that
each token should be carried to half the ring by a forward-moving bucket and to the
other half by a backward-moving bucket. We will choose starting points spread out
around the ring so as to minimize the time it takes to complete the algorithm. The
spacing between forward-moving buckets is maintained during the algorithm, and so
is the spacing between the backward-moving buckets, so that buckets moving in the
same direction never overtake one another.

An example of this strategy for an 18-node ring is shown in Fig. 6. This ring
happens to have an optimal solution that is symmetric, as shown in the figure. The
solution is based on an eight-step cycle that repeats, completing the token exchange
in 14 steps.

We first treat the case where N is even. Denote by A; the gap s;;11 — s; between

successive s; values, where we for convenience define spy; = s;. Suppose all values
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